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Summary of last week

Quark masses break chiral symmetries, but 
an effective low-energy theory (ChPT) can still be set up for small quark masses

For small mq

there is still a mass gap between the pseudo NGBs and the rest of the spectrum

the interaction between the pseudo NGBs is proportional to the 4-momentum  pμ  and 
the quark masses mq

The effective theory (ChPT)

only contains the pseudo NGBs as active degrees of freedom

is a perturbative expansion in powers of pμ and mq

reproduces the symmetries of QCD, i.e. the chiral Ward identities

2



Summary of last week

Leading order (LO) chiral Lagrangian

contains

a term with two derivatives, O(p2)

a term with one quark mass,  O(mq)    (recall p2 = M2 ∝ mq )

two low-energy coefficients (LECs) f, B not determined by chiral symmetry

the external source fields v, a if ∂μ ➞ ∇μ

Next-to-leading order (NLO) Gasser-Leutwyler Lagrangian contains

the terms of O(p4, p2mq mq )

has 8 LECs not determined by chiral symmetry 
10 + 2 including source fields for SU(3),  7 + 3 for SU(2) ChPT
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L =
f2

4
tr [@µU@µU†] +

f2B

2
tr [MU † + UM†]L2
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Outline Part 3

ChPT to one loop

The Gasser-Leutwyler coefficients

Systematics of the chiral expansion (Weinberg’s power counting theorem)

Some loose ends
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ChPT to one loop



Loops
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‣ Tree level scattering amplitudes computed with L2 + L4 are still real 

We need an imaginary part (optical theorem) to guarantee unitarity 

➥ We need loop contributions with vertices from the LO Lagrangian L2

‣ The loop contribution with L2 vertices also contributes at O(p4)

⇒ p4 ln
p2

⇤2
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Why loops?

✏



Example:  The pion mass to 1-loop
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Explicit example: 1-loop calculation of the pion mass

Consider

➥ ⌧(p) = FT[⌧(x, y)] =
i

p2 �M2
0 ��M2

<latexit sha1_base64="3m9tMqj0wSuZVsHgoyPfFhVrBbo="></latexit>

⇠ iZ⇡

p2 �M2
⇡
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�i�M2 = �i�M2
loop � i�M2

tree
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⌧(x, y) ⌘ h0|T⇡3(x)⇡3(y)|0i
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++= +   ….

For simplicity: ‣ Consider SU(2) ChPT 
‣ Assume isospin symmetry:  mu = md = m 
➥  3 mass degenerate pions with tree level mass M2

0 = 2Bm
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Example:  The pion mass to 1-loop
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iL2,4⇡ =
i

6f2

⇣
� @µ⇡3@

µ⇡3(⇡1⇡1 + ⇡2⇡2)� ⇡3⇡3(@µ⇡1@
µ⇡1 + @µ⇡2@

µ⇡2)
⌘
. . .

�4 p2
Z

d4k

(2⇡)4
i

k2 �M2
0 + i✏

�4

Z
d4k

(2⇡)4
i k2

k2 �M2
0 + i✏

⌘ J̃1(M0)

Step 1:  Interaction vertices,  expand L2 in pion fields

⌘ J̃2(M0)

20J̃1(M0)

+
iM2

0

24f2

⇣
⇡4
3 + 2⇡2

3(⇡
2
1 + ⇡2

2)
⌘
+ . . .

�i�M2
loop =

i

6f2

⇣
(�4p2 + 5M2

0 )J̃1(M0)� 4J̃2(M0)
⌘

✏

✏



Example:  The pion mass to 1-loop
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Step 2:  Dimensional regularisation

� =
2

✏
� � + ln 4⇡

✏ = 4�D

J̃1(M0) =

Z
d4k

(2⇡)4
i

k2 �M2
0 + i✏

A0(M0) = � M2
0

16⇡2

⇣
�+ 1� lnM2

0

⌘
D dim, Wick

J̃2(M0) =

Z
d4k

(2⇡)4
i k2

k2 �M2
0 + i✏

M2
0 A0(M0)

D dim, Wick

�M2
loop =

1

96⇡2

⇣
� 4

p2M2
0

f2
+

M4
0

f2

⌘�
�+ 1� lnM2

0

�
➥



Example:  The pion mass to 1-loop

10

Step 3:  The L4 tree contribution

Expand L4 in pion fields and collect terms quadratic in π3

�M2
tree = �8L45

p2M2
0

f2
+ 16L68

M4
0

f2

L45 = 2L4 + L5

L68 = 2L6 + L8

�M2 = �M2
loop +�M2

tree =
1

96⇡2

⇣
� 4

p2M2
0

f2
+

M4
0

f2

⌘�
�+ 1� lnM2

0

�
. . .

. . .� 8L45
p2M2

0

f2
+ 16L68

M4
0

f2

L4,L6 = L6

h
tr(MU † + UM)

i2
= � i

f2
16L6M

4
0⇡

2
3 + . . .e.g. 1
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Example:  The pion mass to 1-loop
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Step 4:  Renormalisation

Introduce renormalised pion fields and GL coefficients and absorb the infinities:

such that the renormalised 2-pt function 

Lk = Lr
k(µ)�

�k
32⇡2

�
�+ 1� lnµ2

�

⇡3 = Z1/2
⇡ ⇡r

3
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�4 =
1

8

<latexit sha1_base64="a5XCa62/kY+28OfKM5jbRaYM/HQ=">AAAB/XicdVDLSgMxFM34rPU1PnZugkVwVZIy2nYhFNy4rGAf0JaSSTNtaDIzJBmhDsVfceNCEbf+hzv/xkxbQUUPXDiccy/33uPHgmuD0IeztLyyurae28hvbm3v7Lp7+00dJYqyBo1EpNo+0UzwkDUMN4K1Y8WI9AVr+ePLzG/dMqV5FN6YScx6kgxDHnBKjJX67mF3SKQkfe+iGyhCUzxNK9O+W0BFhBDGGGYEl8+RJdVqpYQrEGeWRQEsUO+7791BRBPJQkMF0bqDUWx6KVGGU8Gm+W6iWUzomAxZx9KQSKZ76ez6KTyxygAGkbIVGjhTv0+kRGo9kb7tlMSM9G8vE//yOokJKr2Uh3FiWEjni4JEQBPBLAo44IpRIyaWEKq4vRXSEbEpGBtY3obw9Sn8nzRLRewVz669Qs1bxJEDR+AYnAIMyqAGrkAdNAAFd+ABPIFn5955dF6c13nrkrOYOQA/4Lx9AleRlSM=</latexit>

�5 =
1
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3

32
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⌧ r(p) = Z�1
⇡ ⌧(p)

<latexit sha1_base64="ujX/v2pAtJnmKlJyIGCDTVVoZpA="></latexit>

The γk are tuned

is finite⇠ i

p2 �M2
⇡

<latexit sha1_base64="y/rmECoFsm8T1dkn6y6F7WBWk4k="></latexit>

with finite pole mass M2
⇡ = M2

0

⇣
1 +

M2
0

32⇡2f2
ln

M2
0

µ2
� 8M2

0

f2
[Lr

45(µ)� 2Lr
68(µ)]

⌘
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Exercise: reproduce this result
             (starting from slide 10)



Example:  The pion mass to 1-loop

Well-behaved finite result  
But:  The necessary counter terms stem from L4 and not from L2 

☞  expected from a non-renormalisable theory

“Non-renormalisability does not mean non-calculability”  
Non-renormalisability manifests in new and increasing number of additional couplings 
2 in L2, 10 in L4, …

Note:  μ dependence in Lr(μ) compensates the μ dependence in the “chiral logarithm” 

Note: Loop and L4 contribution are suppressed by
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Final result: M2
⇡ = M2

0

⇣
1 +

M2
0

32⇡2f2
ln

M2
0

µ2
� 8M2

0

f2
[Lr

45(µ)� 2Lr
68(µ)]

⌘

<latexit sha1_base64="QCmpXNDm+UyNCAuu1Ys/7Yh1z4c="></latexit>

= M2
0

⇣
1 +

M2
0

2(4⇡f)2
ln

M2
0

⇤2
3

⌘
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Rewriting:

M2
0

(4⇡f)2

J. Gasser, hep-ph/0312367

8[Lr
45(µ)� 2Lr

68(µ)] ⌘
1

32⇡2
ln

⇤2
3

µ2
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Example: Pion decay constant to 1-loop

13

➥
f = f⇡,m=0

chiral limit value

1-loop result for the pion decay constant

++
L2, 1π L2, 3π L4, 1π

‣ Finite result

‣ Loop and L4  contribution suppressed by
M2

0

(4⇡f)2

Aµ

h0|Aµ(0)|⇡a(~pi Zπalso needed:

⇤4 = ⇤4(L
r
4, L

r
5)
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f⇡ = f
⇣
1� M2

0

16⇡2f2
ln

M2
0

µ2
� 8M2

0

f2
Lr
45(µ)

⌘
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= f
⇣
1� M2

0

(4⇡f)2
ln

M2
0

⇤2
4

⌘
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Rewriting



Example: ππ scattering to 1-loop
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1-loop result for scattering amplitude for 

+  Zπ

➥ Threshold value, i.e. for  

⇡+(p1) ⇡+(p2) ⇡+(p01) ⇡+(p02)

s = 4M2
⇡ , t = u = 0

➥ scat. amplitude  T = + + ++

L2, 4π 2 x  L2, 4π L2, 6π L4, 4π

T |thr = �2M2
0

f2

 
1� 4

3

M2
0

(4⇡f)2
ln

M2
0

⇤2
1

⌘

<latexit sha1_base64="UXyF1CcRc6xYksbD81DTwbxt/B8="></latexit>

⇤1 = ⇤1(L
r
1, L

r
2)
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‣ Finite result

‣ Loop and L4  contribution suppressed by
M2

0

(4⇡f)2

cp. with Lect 2, slide 28



General observation in 1-loop results

The observations hold in general 
The 1-loop and the L4 contributions are suppressed by 

relative to the L2 tree contributions

‣  L2 tree contributions:  Leading order (LO)

‣ 1-loop and L4 contributions: Next-to-leading order (NLO)

The expansion parameters are dimensionless with the chiral scale

In SU(3) ChPT we have also have the expansion parameter 
Mπ ≈ 140 MeV, MK ≈ 500 MeV, Mη ≈ 550 MeV

15

M2
0

(4⇡f)2
p2

(4⇡f)2

<latexit sha1_base64="UjPzO3e9lLXJiMLa+0OHwejw/Ok=">AAAB/3icdZDLSgMxFIYzXmu9jQpu3ASLUDclKaNtdwU3LivYC3RqyaSZNjRzIckIZezCV3HjQhG3voY738ZMW0FFDwQ+/v8czsnvxYIrjdCHtbS8srq2ntvIb25t7+zae/stFSWSsiaNRCQ7HlFM8JA1NdeCdWLJSOAJ1vbGF5nfvmVS8Si81pOY9QIyDLnPKdFG6tuHri8JTeOb8jQtOm7MoX9quG8XUAkhhDGGGeDKOTJQq1XLuApxZpkqgEU1+va7O4hoErBQU0GU6mIU615KpOZUsGneTRSLCR2TIesaDEnAVC+d3T+FJ0YZQD+S5oUaztTvEykJlJoEnukMiB6p314m/uV1E+1XeykP40SzkM4X+YmAOoJZGHDAJaNaTAwQKrm5FdIRMYFoE1nehPD1U/g/tMol7JTOrpxC3VnEkQNH4BgUAQYVUAeXoAGagII78ACewLN1bz1aL9brvHXJWswcgB9lvX0CBkSVbw==</latexit>

⇤� = 4⇡f ' 1GeV

<latexit sha1_base64="yrXWJbSxQ34YdFPLwdi/9uaSO48="></latexit>

M2

K,LO

(4⇡f)2

<latexit sha1_base64="dC/M484IIIWoaE4u3lFGMyysgtg="></latexit>

M2

⌘,LO

(4⇡f)2

<latexit sha1_base64="mUtprlA/mVakeK8XtrjmLB6zY04="></latexit>

M2
⌘

(4⇡f)2
' 0.24

<latexit sha1_base64="H6MVPjWOMJLoOTZQLtsUm3BW9yU="></latexit>

M2
K

(4⇡f)2
' 0.2

<latexit sha1_base64="Q6vblWss0+u+ijuZyI8prEqEKnE="></latexit>

M2
⇡

(4⇡f)2
' 0.02

<latexit sha1_base64="7SJDEBZLgphbPg56nHKiwNP0OaQ="></latexit>

➥

very small reasonably small



The Gasser-Leutwyler coefficients



Example: Getting the GL coefficient L5

1-loop results for decay constants in SU(3) ChPT:

f⇡ = f
⇣
1� 2µ⇡ � µK +

4M2
⇡

f2
Lr
5(µ) +

8M2
k + 4M2

⇡

f2
Lr
4(µ)

⌘

<latexit sha1_base64="MlM0wj++F8kBuUfCT+Rykdy/B4Y="></latexit>

fK = f
⇣
1� 3

4
µ⇡ � 3

2
µK � 3

4
µ⌘ +

4M2
K

f2
Lr
5(µ) +

8M2
k + 4M2

⇡

f2
Lr
4(µ)

⌘

<latexit sha1_base64="bDteUEP6343cf5B6przIlBgdAIs="></latexit>

f⌘ = f
⇣
1� 3µK +

4M2
⌘

f2
Lr
5(µ) +

8M2
k + 4M2

⇡

f2
Lr
4(µ)

⌘

<latexit sha1_base64="tPGfWomWlGI1q8QUYYf+hlCegAI="></latexit>

µP ⌘ M2
P

32⇡2f2
ln

M2
P

µ2

<latexit sha1_base64="DcCDuK9XfShVxmkwFu+OrXNLsHg="></latexit>

fK
f⇡

�����
exp

= 1.22± 0.01

<latexit sha1_base64="qqsuJAjFIbHKFnw6or5OASGOdjU=">AAACG3icdVBNSwMxEM36WetX1aOXYBE8lWSpth4E0YvgpYJVoVtKNs3WYLIbkqxY1v0fXvwrXjwo4knw4L8xqxVUdCDMm/dmmMwLleDGIvTmjY1PTE5Nl2bKs3PzC4uVpeUTk6SasjZNRKLPQmKY4DFrW24FO1OaERkKdhpe7Bf66SXThifxsR0q1pVkEPOIU2Id1av4QaQJzaJedpjnRQoUz/Ngjw8G167QErIrle/gmu8HSk JUQ7hXqbqEEMa4qBFubCEHtrebPm5CXEguqmAUrV7lJegnNJUstlQQYzoYKdvNiLacCpaXg9QwRegFGbCOgzGRzHSzj9tyuO6YPowS7V5s4Qf7fSIj0pihDF2nJPbc/NYK8i+tk9qo2c14rFLLYvq5KEoFtAksjIJ9rhm1YugAoZq7v0J6TpxZ1tlZdiZ8XQr/Byd+Dddrm0f16m59ZEcJrII1sAEwaIBdcABaoA0ouAF34AE8erfevffkPX+2jnmjmRXwI7zXd7YAoRk=</latexit>

➥

f⌘
f⇡

= 1.3± 0.05

<latexit sha1_base64="+B051HQ8ryUCN4fHg1A4+tzhASM="></latexit>

Lr
5(M⇢) = (1.4± 0.5) · 10�3

<latexit sha1_base64="0eQ6optUprtB1yWJt1o/euEqAcE="></latexit>

Lr
5(M⌘) = (2.2± 0.5) · 10�3

<latexit sha1_base64="MEpBh6sgwebyLsLmorv2T6/O/Ok="></latexit>

⇒ ⇒

Comment:  SU(3) ChPT has more observables than SU(2) ChPT to extract the LECs 
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fK
f⇡

=
⇣
1 +

5

2
µ⇡ � 1

2
µK � 3

4
µ⌘ +

4(M2
K �M2

⇡)

f2
Lr
5(µ)

⌘

<latexit sha1_base64="6iR2AkMZj6vGwRwoLWmKbupbv5E="></latexit>



The GL coefficients

Extraction from observables is not trivial (e.g. remove emagn. effects ➞ later)

Some determinations require theoretical input (Zweig rule)

More recent determinations 

from phenomenology:  

from lattice simulations: 

18

Table 1: Phenomenological values and source for the renormalized coupling constants
Lr
i (Mρ). The quantities Γi in the fourth column determine the scale dependence of the

Lr
i (µ) according to Eq. (2.25). Lr

11 and Lr
12 are not directly accessible to experiment.

i Lr
i (Mρ)× 103 source Γi

1 0.4 ± 0.3 Ke4, ππ → ππ 3/32
2 1.35 ± 0.3 Ke4, ππ → ππ 3/16
3 −3.5 ± 1.1 Ke4, ππ → ππ 0
4 −0.3 ± 0.5 Zweig rule 1/8
5 1.4 ± 0.5 FK : Fπ 3/8
6 −0.2 ± 0.3 Zweig rule 11/144
7 −0.4 ± 0.2 Gell-Mann–Okubo,L5, L8 0
8 0.9 ± 0.3 MK0 −MK+ , L5, 5/48

(2ms −mu −md) : (md −mu)

9 6.9 ± 0.7 〈r2〉πV 1/4
10 −5.5 ± 0.7 π → eνγ − 1/4
11 −1/8
12 5/24

The same procedure carries over to all Green functions collected in the generating func-
tional: they remain finite when d → 4, provided the low–energy couplings Li are appropri-
ately tuned in this limit,

Li = Lr
i (µ) + Γiλ(µ) . (2.24)

The coefficients Γi have been evaluated in [2] and are displayed in table 1. The couplings
Li are independent of the renormalization scale µ – therefore, the Green functions do not
depend on it either. The scale dependence of the renormalized, finite couplings Lr

i (µ) is
governed by the coefficients Γi,

Lr
i (µ2) = Lr

i (µ1) +
Γi

16π2
ln

µ1

µ2
. (2.25)

The constants F,B, together with Lr
1, . . . , L

r
10, completely determine the low–energy

behaviour of pseudoscalar meson interactions to O(p4). Lr
11 and Lr

12 are contact terms that
are not directly accessible to experiment. We discuss the value of the low–energy constants
Lr
1,. . . ,L

r
10 below.

2.3 Chiral anomaly

The effective Lagrangian L2 + L4 is invariant under the local SU(3)L × SU(3)R transfor-
mations (1.8), (2.8). Because dimensional regularization preserves this symmetry, the corre-
sponding generating functional is invariant as well. On the other hand, the vacuum transition

8

J. Bijnens, G. Ecker and J. Gasser, 
hep-ph/9411232

List of SU(3) GL coefficients for μ=Mρ: 

Lr
k(µ1) = Lr

k(µ2) +
�k

16⇡2
ln

µ2

µ1

<latexit sha1_base64="ON11OSL1gCibEVfe1JCXWDZ1hqg="></latexit>

Other scale:

J. Bijnens, I. Jemos, arXiv:1103.5945[hep-ph]

S. Aoki et. al. (FLAG review 2019), arXiv:1902.08191



Example: Results for L5

19

Figure 17: Low-energy constants that enter the effective SU(3) Lagrangian at NLO, with
scale µ = 770MeV. The grey bands labelled as “FLAG average” coincide with the results of
MILC 10 [36] for Nf = 2 + 1 and with HPQCD 13A [33] for Nf = 2 + 1 + 1, respectively.

113

S. Aoki et. al. (FLAG review 2019), 
arXiv:1902.08191

General observation:  
Determination of  “symmetry breakers” (L4 - L8) from experiment more difficult than 
“symmetry preservers”



Example: Results for L6

20

S. Aoki et. al. (FLAG review 2019), 
arXiv:1902.08191

Figure 17: Low-energy constants that enter the effective SU(3) Lagrangian at NLO, with
scale µ = 770MeV. The grey bands labelled as “FLAG average” coincide with the results of
MILC 10 [36] for Nf = 2 + 1 and with HPQCD 13A [33] for Nf = 2 + 1 + 1, respectively.

113

General observation:  
Determination of  “symmetry breakers” (L4 - L8) from experiment more difficult than 
“symmetry preservers”



Systematics of the chiral expansion



Systematics of the derivative expansion

ChPT is an expansion in (small) external momenta and quark masses  
➥ the chiral lagrangian contains infinitely many terms

1-loop contributions with vertices of L2 contribute like tree-level terms of L4

22

We have seen:

Le↵ = L2 + L4 + L6 + . . .

<latexit sha1_base64="NJ/yfjef1OZKBUemY3UjiEKc+u0="></latexit>

How does this generalise to higher loops?



Systematics of the derivative expansion

23

Consider an amplitude (truncated GF) with Vd = # vertices with d derivatives

I = # internal lines

L = # loops

and get rid of IUse relation L = I �
X

d

Vd + 1

<latexit sha1_base64="MzsVkzr0K9fKh5xKz+TQn/V1zcw=">AAAB+3icdVDLSgMxFM3UV62vsS7dBIsgiGVSqm0XQsGNgosK9gHtMGQymTY08yDJiGXor7hxoYhbf8Sdf2OmraCiBy4czrmXe+9xY86ksqwPI7e0vLK6ll8vbGxube+Yu8WOjBJBaJtEPBI9F0vKWUjbiilOe7GgOHA57brji8zv3lEhWRTeqklM7QAPQ+YzgpWWHLN4fX4FTwYyCRwPdnQdI8csWWXLshBCMCOodmZp0mjUK6gOUWZplMACLcd8H3gRSQIaKsKxlH1kxcpOsVCMcDotDBJJY0zGeEj7moY4oNJOZ7dP4aFWPOhHQleo4Ez9PpHiQMpJ4OrOAKuR/O1l4l9eP1F+3U5ZGCeKhmS+yE84VBHMgoAeE5QoPtEEE8H0rZCMsMBE6bgKOoSvT+H/pFMpo2r59KZaalYXceTBPjgARwCBGmiCS9ACbUDAPXgAT+DZmBqPxovxOm/NGYuZPfADxtsnl8WS1w==</latexit>

A / p
⇥
4L�2I+

P
d d·Vd

⇤
F (p) ⌘ p2N+2F (p)

<latexit sha1_base64="nL3ZTb/2U41dhfLhgz6Qw1nz1WQ="></latexit>

N = L+
X

d

⇣d� 2

2

⌘
Vd

<latexit sha1_base64="xYo9lEvPgSnIleTfJEKe0XSyIXY="></latexit>

e.g.: 

ki = li ± pi

<latexit sha1_base64="af9Py1FI0cWNkKf/2NqviQLOlok=">AAAB9XicdVDLSgMxFM34rOOjVZdugkXQTZmUatuFWBDBZQX7gHYcMmmmDc3MhCSjlNL/cONCEbd+gH/hzk/wL8y0Cip64MLhnHu59x5fcKa047xZc/MLi0vLmRV7dW19I5vb3GqqOJGENkjMY9n2saKcRbShmea0LSTFoc9pyx+epn7rmkrF4uhSjwR1Q9yPWMAI1ka6GnrsmHusK0IoPObl8k7BcRyEEEwJKh85hlSrlSKqQJRaBvla9v3kwH45q3u5124vJklII004VqqDHKHdMZaaEU4ndjdRVGAyxH3aMTTCIVXueHr1BO4ZpQeDWJqKNJyq3yfGOFRqFPqmM8R6oH57qfiX10l0UHHHLBKJphGZLQoSDnUM0whgj0lKNB8Zgolk5lZIBlhiok1Qtgnh61P4P2kWC6hUOLwwaZTADBmwA3bBPkCgDGrgHNRBAxAgwS24Bw/WjXVnPVpPs9Y563NmG/yA9fwB9y2VEQ==</latexit>

A /
Z

d4l1 . . . d
4lL

1

k21 �M2
· · · 1

k2I �M2
· p

P
d d·Vd

<latexit sha1_base64="S2nAGeY7N2MifPRMZv+mymlB26c="></latexit>

O(p2)
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➥

F : dimless function

✏



Systematics of the derivative expansion

Relation between the momentum (D = 2N+2) and loop (L) expansion

The larger N ≥ 0 the smaller the contribution of this diagram 
Recall:  The dimless expansion parameter is p2/(4πf)2

For a given N only a finite number of 

loops (L  ≤  N)

vertices Vd (d  ≤  2N+2) 

contribute

24

N = L+
X

d

⇣d� 2

2

⌘
Vd

<latexit sha1_base64="xYo9lEvPgSnIleTfJEKe0XSyIXY="></latexit>

A / p2N+2F (p)

<latexit sha1_base64="owOrAUmhT70M7GebxBnRg0aieVU="></latexit>

N = 0  ⇒  L = 0  &  d = 2

N = 1  ⇒  L = 1  &  d = 2 

                 L = 0  &  d =4 , V4 = 1

N = 2  ⇒  L = 2  &  d = 2

        ⇒      L = 1  &  d =4 , V4 = 1

                 L = 0  &  d =6 , V6 = 1
➥  The chiral Lagrangian Ld  is needed only up to d  ≤  2N+2  

➥  Only a finite number of LECs enter for a given N 
     once these are known ChPT can make predictions 

Note:  N ≥ 0



Systematics of the derivative expansion
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Caveat:   
divergent loop integrals

Possibilities ( k ≥ 0 ) F
� p
⇤

�

<latexit sha1_base64="hTdRPbKRAPEefCfrvNv6Q4V5Ccc=">AAACBXicdVDLSgMxFM3UV62vUZe6CBahbsqkVNvuCoK4cFHBPqAzlEyaaUMzD5KMUIbZuPFX3LhQxK3/4M6/MdNWUNEDgcM593BzjxtxJpVlfRi5peWV1bX8emFjc2t7x9zd68gwFoS2SchD0XOxpJwFtK2Y4rQXCYp9l9OuOznP/O4tFZKFwY2aRtTx8ShgHiNYaWlgHl7YLhuVbE9gkkRpYl/p7BCnmXoyMItW2bIshBDMCKqdWZo0GvUKqkOUWRpFsEBrYL7bw5DEPg0U4VjKPrIi5SRYKEY4TQt2LGmEyQSPaF/TAPtUOsnsihQea2UIvVDoFyg4U78nEuxLOfVdPeljNZa/vUz8y+vHyqs7CQuiWNGAzBd5MYcqhFklcMgEJYpPNcFEMP1XSMZYF6J0cQVdwtel8H/SqZRRtXx6XS02q4s68uAAHIESQKAGmuAStEAbEHAHHsATeDbujUfjxXidj+aMRWYf/IDx9gmSrJib</latexit>

⇣ p

⇤

⌘2k
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⇣⇤
p

⌘2k
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ln
p2

⇤2
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: convergent

power divergence

not present in Dim Reg

logarithmic divergence

cancelled by ren. LECs in L2N+2

F (p)
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cut-off DimReg

F
� p
µ
, ✏
�

<latexit sha1_base64="qR/DbxOSs4gC40koqDMKyeVQGU0="></latexit>



Systematics of the derivative expansion
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<latexit sha1_base64="CwCOrU+0KNohNGWiPsXWNCHMO7M=">AAAB6HicdVBNS0JBFL3Pvsy+rJZthiRoJTNiqTuhTUuFNEEfMm+cp5PzPpiZF8jDX9CmRRFt+0nt+jfNU4OKOnDhcM693HuPF0uhDcYfTm5tfWNzK79d2Nnd2z8oHh51dZQoxjsskpHqeVRzKULeMcJI3osVp4En+a03vcr823uutIjCGzOLuRvQcSh8waixUjseFku4jDEmhKCMkNoltqTRqFdIHZHMsijBCq1h8X0wilgS8NAwSbXuExwbN6XKCCb5vDBINI8pm9Ix71sa0oBrN10cOkdnVhkhP1K2QoMW6veJlAZazwLPdgbUTPRvLxP/8vqJ8etuKsI4MTxky0V+IpGJUPY1GgnFmZEzSyhTwt6K2IQqyozNpmBD+PoU/U+6lTKpli/a1VKzuoojDydwCudAoAZNuIYWdIABhwd4gmfnznl0XpzXZWvOWc0cww84b58lgI0k</latexit>

p

<latexit sha1_base64="CwCOrU+0KNohNGWiPsXWNCHMO7M=">AAAB6HicdVBNS0JBFL3Pvsy+rJZthiRoJTNiqTuhTUuFNEEfMm+cp5PzPpiZF8jDX9CmRRFt+0nt+jfNU4OKOnDhcM693HuPF0uhDcYfTm5tfWNzK79d2Nnd2z8oHh51dZQoxjsskpHqeVRzKULeMcJI3osVp4En+a03vcr823uutIjCGzOLuRvQcSh8waixUjseFku4jDEmhKCMkNoltqTRqFdIHZHMsijBCq1h8X0wilgS8NAwSbXuExwbN6XKCCb5vDBINI8pm9Ix71sa0oBrN10cOkdnVhkhP1K2QoMW6veJlAZazwLPdgbUTPRvLxP/8vqJ8etuKsI4MTxky0V+IpGJUPY1GgnFmZEzSyhTwt6K2IQqyozNpmBD+PoU/U+6lTKpli/a1VKzuoojDydwCudAoAZNuIYWdIABhwd4gmfnznl0XpzXZWvOWc0cww84b58lgI0k</latexit>

p

<latexit sha1_base64="CwCOrU+0KNohNGWiPsXWNCHMO7M=">AAAB6HicdVBNS0JBFL3Pvsy+rJZthiRoJTNiqTuhTUuFNEEfMm+cp5PzPpiZF8jDX9CmRRFt+0nt+jfNU4OKOnDhcM693HuPF0uhDcYfTm5tfWNzK79d2Nnd2z8oHh51dZQoxjsskpHqeVRzKULeMcJI3osVp4En+a03vcr823uutIjCGzOLuRvQcSh8waixUjseFku4jDEmhKCMkNoltqTRqFdIHZHMsijBCq1h8X0wilgS8NAwSbXuExwbN6XKCCb5vDBINI8pm9Ix71sa0oBrN10cOkdnVhkhP1K2QoMW6veJlAZazwLPdgbUTPRvLxP/8vqJ8etuKsI4MTxky0V+IpGJUPY1GgnFmZEzSyhTwt6K2IQqyozNpmBD+PoU/U+6lTKpli/a1VKzuoojDydwCudAoAZNuIYWdIABhwd4gmfnznl0XpzXZWvOWc0cww84b58lgI0k</latexit>

l

<latexit sha1_base64="E86Q7MlfL3jDnI28S5aRh6mLpqU=">AAAB6HicdVBNS0JBFL3Pvsy+rJZthiRoJTNiqTuhTUuFNEEfMm+cp5PzPpiZF8jDX9CmRRFt+0nt+jfNU4OKOnDhcM693HuPF0uhDcYfTm5tfWNzK79d2Nnd2z8oHh51dZQoxjsskpHqeVRzKULeMcJI3osVp4En+a03vcr823uutIjCGzOLuRvQcSh8waixUlsOiyVcxhgTQlBGSO0SW9Jo1CukjkhmWZRghdaw+D4YRSwJeGiYpFr3CY6Nm1JlBJN8XhgkmseUTemY9y0NacC1my4OnaMzq4yQHylboUEL9ftESgOtZ4FnOwNqJvq3l4l/ef3E+HU3FWGcGB6y5SI/kchEKPsajYTizMiZJZQpYW9FbEIVZcZmU7AhfH2K/ifdSplUyxftaqlZXcWRhxM4hXMgUIMmXEMLOsCAwwM8wbNz5zw6L87rsjXnrGaO4Qect08fcI0g</latexit>

V2

<latexit sha1_base64="10d/NCm/faThHE82ShEcqbWS4vw=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbBU9mUattbwYvHivYD2qVk02wbms0uSVYoS3+CFw+KePUXefPfmG0rqOiDgcd7M8zM82PBtXHdDye3tr6xuZXfLuzs7u0fFA+POjpKFGVtGolI9XyimeCStQ03gvVixUjoC9b1p1eZ371nSvNI3plZzLyQjCUPOCXGSredYWVYLLll13UxxigjuHbpWtJo1Cu4jnBmWZRghdaw+D4YRTQJmTRUEK372I2NlxJlOBVsXhgkmsWETsmY9S2VJGTaSxenztGZVUYoiJQtadBC/T6RklDrWejbzpCYif7tZeJfXj8xQd1LuYwTwyRdLgoSgUyEsr/RiCtGjZhZQqji9lZEJ0QRamw6BRvC16fof9KplHG1fHFTLTWrqzjycAKncA4YatCEa2hBGyiM4QGe4NkRzqPz4rwuW3POauYYfsB5+wQkwI2v</latexit>

V2

<latexit sha1_base64="10d/NCm/faThHE82ShEcqbWS4vw=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbBU9mUattbwYvHivYD2qVk02wbms0uSVYoS3+CFw+KePUXefPfmG0rqOiDgcd7M8zM82PBtXHdDye3tr6xuZXfLuzs7u0fFA+POjpKFGVtGolI9XyimeCStQ03gvVixUjoC9b1p1eZ371nSvNI3plZzLyQjCUPOCXGSredYWVYLLll13UxxigjuHbpWtJo1Cu4jnBmWZRghdaw+D4YRTQJmTRUEK372I2NlxJlOBVsXhgkmsWETsmY9S2VJGTaSxenztGZVUYoiJQtadBC/T6RklDrWejbzpCYif7tZeJfXj8xQd1LuYwTwyRdLgoSgUyEsr/RiCtGjZhZQqji9lZEJ0QRamw6BRvC16fof9KplHG1fHFTLTWrqzjycAKncA4YatCEa2hBGyiM4QGe4NkRzqPz4rwuW3POauYYfsB5+wQkwI2v</latexit>

Example: 1-loop ππ scattering

p4
Z

d4l
1

(l2 �M2
⇡)((l + 2p)2 �M2

⇡)
⇠ ln

⇤

M⇡

<latexit sha1_base64="qfEfDEgIYPHmgVddB6gKQzxKg+Y="></latexit>

p2
Z

d4l
l2

(l2 �M2
⇡)((l + 2p)2 �M2

⇡)
⇠ ⇤2

<latexit sha1_base64="23XIGn66TgMmjpQ8CrjnsGscaCU="></latexit>

Z
d4l

l2(l + 2p)2

(l2 �M2
⇡)((l + 2p)2 �M2

⇡)
⇠ ⇤4

<latexit sha1_base64="kNbIkIsH3ow5B3kuDKt464Pe2xE="></latexit>

(1)

(2)

(3)

‣ In DimReg all 3 integrals lead to B0(4p
2,M2

⇡) =
1

16⇡2

⇣2
✏
� lnM2

⇡ + F (4p2,M2
⇡)
⌘

<latexit sha1_base64="xgx5G5yeHrOoOc+G14hngYZPmSY="></latexit>

and A0(M
2
⇡)

<latexit sha1_base64="Y+a3kqI97zrSvSEZ/C35Hc1eNmg=">AAAB+HicdVDLSgMxFM3UV62Pjrp0EyxC3ZSkVNvuKm7cCBXsA9pxyKRpG5p5kGSEOvRL3LhQxK2f4s6/MdNWUNEDFw7n3Mu993iR4Eoj9GFlVlbX1jeym7mt7Z3dvL2331ZhLClr0VCEsusRxQQPWEtzLVg3koz4nmAdb3KR+p07JhUPgxs9jZjjk1HAh5wSbSTXzp+7qHh1W3aTfsRnJ9C1C6iEEMIYw5Tg6hkypF6vlXEN4tQyKIAlmq793h+ENPZZoKkgSvUwirSTEKk5FWyW68eKRYROyIj1DA2Iz5STzA+fwWOjDOAwlKYCDefq94mE+EpNfc90+kSP1W8vFf/yerEe1pyEB1GsWUAXi4axgDqEaQpwwCWjWkwNIVRycyukYyIJ1SarnAnh61P4P2mXS7hSOr2uFBqVZRxZcAiOQBFgUAUNcAmaoAUoiMEDeALP1r31aL1Yr4vWjLWcOQA/YL19Aipwkhs=</latexit>

‣ The log divergence                     is absorbed by/ p4 · 2
✏

<latexit sha1_base64="DvDpbRiv3OZhF2nO5CRYt0y8dec="></latexit>

 finite function

/ p4 · L

<latexit sha1_base64="8WqdtCi9WoHAHzB9KdAXsOLSXPA=">AAACAHicdVDLSgMxFM3UV62vqgsXboJFcCFlUqptdwU3LlxUsA/ojCWTSdvQzCQkGaGUbvwVNy4UcetnuPNvzLQVVPRA4HDOvdycE0jOtHHdDyeztLyyupZdz21sbm3v5Hf3WlokitAmEVyoToA15SymTcMMpx2pKI4CTtvB6CL123dUaSbiGzOW1I/wIGZ9RrCxUi9/4EklpBHQO4XytgyhR0Jh4FUvX3CLrusihGBKUOXctaRWq5ZQFaLUsiiABRq9/LsXCpJENDaEY627yJXGn2BlGOF0mvMSTSUmIzygXUtjHFHtT2YBpvDYKiHsC2VfbOBM/b4xwZHW4yiwkxE2Q/3bS8W/vG5i+lV/wmKZGBqT+aF+wqENnLYBQ6YoMXxsCSaK2b9CMsQKE2M7y9kSvpLC/0mrVETl4tl1uVAvL+rIgkNwBE4AAhVQB5egAZqAgCl4AE/g2bl3Hp0X53U+mnEWO/vgB5y3T9ImlT0=</latexit>

L

<latexit sha1_base64="zDC7LCpmk9otNtNnFTBvA9xxJnM=">AAAB6XicdVBNSwMxEJ31s9avqkcvwSJ4KptSbXsrePHgoYr9gHYp2TTbhmazS5IVytJ/4MWDIl79R978N2bbCir6YODx3gwz8/xYcG1c98NZWV1b39jMbeW3d3b39gsHh20dJYqyFo1EpLo+0UxwyVqGG8G6sWIk9AXr+JPLzO/cM6V5JO/MNGZeSEaSB5wSY6VbdD0oFN2S67oYY5QRXL1wLanXa2VcQzizLIqwRHNQeO8PI5qETBoqiNY97MbGS4kynAo2y/cTzWJCJ2TEepZKEjLtpfNLZ+jUKkMURMqWNGiufp9ISaj1NPRtZ0jMWP/2MvEvr5eYoOalXMaJYZIuFgWJQCZC2dtoyBWjRkwtIVRxeyuiY6IINTacvA3h61P0P2mXS7hSOr+pFBuVZRw5OIYTOAMMVWjAFTShBRQCeIAneHYmzqPz4rwuWlec5cwR/IDz9glEdI0q</latexit>

Lre �
✓
2

✏
+ . . .

<latexit sha1_base64="A4gW6MHj7IIY1aNrSDDMJcXoJk0="></latexit>



Systematics of the derivative expansion

ChPT is an expansion in powers of external momenta and quark masses 
At a given chiral dimension D = 2N+2 only a finite number of 

loops (L  ≤  N)

and vertices of Ld  with d  ≤  2N+2 

contribute.

At a given chiral dimension D = 2N+2 only a finite number of LECs contribute

These are sufficient to renormalise the theory and render the theory finite 
The chiral lagrangian by construction contains all terms compatible with the symmetries

Only a finite number of renormalised LECs need to be determined (pheno, lattice) 
for ChPT to make predictions.

27

N = L+
X

d

⇣d� 2

2

⌘
Vd

<latexit sha1_base64="xYo9lEvPgSnIleTfJEKe0XSyIXY="></latexit>

A / p2N+2F (p)

<latexit sha1_base64="owOrAUmhT70M7GebxBnRg0aieVU="></latexit>

L2

L4 L2

L6 L4 L2

tree 1-loop 2-loop

LO

NLO

NNLO



Comment on NNLO 

At NNLO we need L6 and 2-loop integrals

The number of terms in the chiral Lagrangian increases rapidly 

L6 for SU(3) ChPT:  90 + 4 terms  

     for SU(2) ChPT:  52 + 4 terms 

probably impossible in practice to determine all the LECs in L6

But: Not all LECs contribute to all observables 
➥ much less need to be determined for a subset of observables like masses  
     and decay constants

For a review of NNLO results and calculations see

28

ChPT beyond 1-loop, 
J. Bijnens, Prog.Part.Nucl.Phys. 58 (2007) 521-586 
hep-ph/0604043



Some loose ends

Physical external fields

Electromagnetic isospin breaking

Anomalies and the Wess-Zumino-Witten term

Transformation law of the pion fields

29



Physical vector and axial vector fields

So far:  Axial vector current as an “interpolating field” for the pions 
 
 
 
 
QCD WIs relate axial and vector currents  ➠  it is necessary to set up the generating 
functional with these two currents 
➥ obtain QCD correlation functions followed by setting v = a = 0

However: Electromagnetic and weak interactions can be accomodated in ChPT  
by setting the external fields to their “physical values” 
 
➥ This allows to discuss pions interacting with photons and W-bosons

30

recall Goldstone theorem0 6= h0|Aa
µ(0)|⇡b(~pi = �abipµf

<latexit sha1_base64="rKmynJSlvxD/FmvTRx4GUXJHHOM="></latexit>



Example: Electromagnetism

31

Quark charge matrix Q =

0

@
2
3

� 1
3

� 1
3

1

A = T 3 +
1p
3
T 8

<latexit sha1_base64="RtHYqXDf9Upedfv+WId0+kTWwIA="></latexit>

⇒ v3µ(x) +
1p
3
v8µ(x)

<latexit sha1_base64="Dr5WPR4e/Zq3/bo7CVj0/ZkS09E="></latexit>

�eAµ(x)

<latexit sha1_base64="2+gwvWbgzDRBo5h4Tzsba8ZFSaI=">AAAB83icdVDLSgMxFM3UV62vqks3wSLUhWVSqm13FTcuK9gHdIaSSdM2NMkMSUYsQ3/DjQtF3Poz7vwbM20FFT1w4XDOvdx7TxBxpo3rfjiZldW19Y3sZm5re2d3L79/0NZhrAhtkZCHqhtgTTmTtGWY4bQbKYpFwGknmFylfueOKs1CeWumEfUFHkk2ZAQbK3ln9LKfeCKeFe9P+/mCW3JdFyEEU4KqF64l9XqtjGoQpZZFASzR7OffvUFIYkGlIRxr3UNuZPwEK8MIp7OcF2saYTLBI9qzVGJBtZ/Mb57BE6sM4DBUtqSBc/X7RIKF1lMR2E6BzVj/9lLxL68Xm2HNT5iMYkMlWSwaxhyaEKYBwAFTlBg+tQQTxeytkIyxwsTYmHI2hK9P4f+kXS6hSun8plJoVJZxZMEROAZFgEAVNMA1aIIWICACD+AJPDux8+i8OK+L1oyznDkEP+C8fQKDgpFT</latexit>

➞

Q =

✓
2
3

� 1
3

◆
/2 SU(2)

<latexit sha1_base64="FU9smikKdKAg9fI1JkXxg6/pFUE="></latexit>

Comment for SU(2) ChPT: 
We need to add a singlett contribution because

Example for application: Compton scattering:   π+(p)  +  γ(q)   ➞  π+ (p’) +  γ(q’) 

Lext = vaµ q�
µT aq

<latexit sha1_base64="3rSi+NOPvkqOOFA/nKgXJE/dazE="></latexit>

�eAµ q�
µQq

<latexit sha1_base64="xXTTghmQP6DdVZXX5iHQhD2w8nk="></latexit>

= Aµ j
µ
em

<latexit sha1_base64="ndl/6h/Oc/iucE9W6ox2UUIM59I=">AAACBXicdZDLSgMxFIYzXmu9jbrURbAILqRMSrXtQqi4cVnBXqBTSyZN29hkZkgyQhlm48ZXceNCEbe+gzvfxkxbQUUPBL78/zkk5/dCzpR2nA9rbn5hcWk5s5JdXVvf2LS3thsqiCShdRLwQLY8rChnPq1rpjlthZJi4XHa9Ebnqd+8pVKxwL/S45B2BB74rM8I1kbq2nun8KwbuyJK3CN4cz0hc5cCUpF07ZyTdxwHIQRTQKUTx0ClUi6gMkSpZSoHZlXr2u9uLyCRoL4mHCvVRk6oOzGWmhFOk6wbKRpiMsID2jboY0FVJ55skcADo/RgP5Dm+BpO1O8TMRZKjYVnOgXWQ/XbS8W/vHak++VOzPww0tQn04f6EYc6gGkksMckJZqPDWAimfkrJEMsMdEmuKwJ4WtT+D80CnlUzB9fFnPV4iyODNgF++AQIFACVXABaqAOCLgDD+AJPFv31qP1Yr1OW+es2cwO+FHW2ycWKJhQ</latexit>

➞

= �eAµ

✓
2

3
u�µu� 1

3
d�µd� 1

3
s�µs

◆

<latexit sha1_base64="sNjfII9L0/Wen/rwTj9fAVfr9a0="></latexit>



Example: weak interactions

32

Weak currents couple to the left-handed quark currents only

rµ = 0

<latexit sha1_base64="bWEWK7Rpwo7fhTH19vbTvjoNWw8=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4Kkmptl0IBTcuK9gHTIeSSdM2NJMMSUYoQz/DjQtF3Po17vwbM20FFT1w4XDOvdx7TxgLbixCH15ubX1jcyu/XdjZ3ds/KB4edYxKNGVtqoTSvZAYJrhkbcutYL1YMxKFgnXD6XXmd++ZNlzJOzuLWRCRseQjTol1kq8HaT9K5vAKokGxhMoIIYwxzAiuXSJHGo16BdchziyHElihNSi+94eKJhGTlgpijI9RbIOUaMupYPNCPzEsJnRKxsx3VJKImSBdnDyHZ04ZwpHSrqSFC/X7REoiY2ZR6DojYifmt5eJf3l+Ykf1IOUyTiyTdLlolAhoFcz+h0OuGbVi5gihmrtbIZ0QTah1KRVcCF+fwv9Jp1LG1fLFbbXUrK7iyIMTcArOAQY10AQ3oAXagAIFHsATePas9+i9eK/L1py3mjkGP+C9fQKgGJDM</latexit>

lµ = � gp
2

�
W+

µ T+ + h.c.
�

<latexit sha1_base64="lV/luc98B1y1YONk/D2yDjPluNI="></latexit>

T+ =

0

@
0 Vud Vus

0 0 0
0 0 0

1

A

<latexit sha1_base64="I0N0I6i58K5bPlkD054ywlh0YvU="></latexit>

Lext = qLlµ�
µqL

<latexit sha1_base64="X8NqPaT/Lv7CwaCrAb5nnkaXtRA="></latexit>

➞ � gp
2

�
VuduL�

µdL + VusuL�
µsL + h.c.

�

<latexit sha1_base64="GpQ65hwEmIgXjBtkpOP2/tqckfM="></latexit>

Example for application:  semi-leptonic decay   π—  ➞  π0 e— νe

Comment: Including the neutral weak current due to Z0 is more complicated …



Isospin breaking and emagn interaction 

33

L0
QCD+QED = q

�
i�µDµ

�
q = q

�
i�µDcolor

µ � eAµ�
µQ

�
q

<latexit sha1_base64="Tm38jOvGbW5uSlFgNMxx3HqSeG0="></latexit>

= L0
QCD �

�
qRQR�

µqR + qLQL�
µqL

⌘
Aµ

<latexit sha1_base64="RhH3tKY/A3cM1KRYIa1IxQzXYrA="></latexit>

QR = QL = eQ

<latexit sha1_base64="GvT2l7AY212HBXpV8k+wh9s5b1U=">AAAB8XicdVDLSgMxFM34rPVVdekmWARXZVKqbReFghsXLjpiH9gOQybNtKGZzJBkhDL0L9y4UMStf+POvzHTVlDRAxcO59zLvff4MWdK2/aHtbK6tr6xmdvKb+/s7u0XDg47KkokoW0S8Uj2fKwoZ4K2NdOc9mJJcehz2vUnl5nfvadSsUjc6mlM3RCPBAsYwdpId45303C86wZ1vELRLtm2jRCCGUHVC9uQer1WRjWIMsugCJZoeYX3wTAiSUiFJhwr1Ud2rN0US80Ip7P8IFE0xmSCR7RvqMAhVW46v3gGT40yhEEkTQkN5+r3iRSHSk1D33SGWI/Vby8T//L6iQ5qbspEnGgqyGJRkHCoI5i9D4dMUqL51BBMJDO3QjLGEhNtQsqbEL4+hf+TTrmEKqVzp1JsVpZx5MAxOAFnAIEqaIIr0AJtQIAAD+AJPFvKerRerNdF64q1nDkCP2C9fQKoYJA8</latexit>

The quark charge matrix breaks flavor (isospin) symmetry

Promote QR and QL to spurion fields with transformation behaviour

QR

<latexit sha1_base64="dW8mMr5ctdcMOwH18Q8siKurDcc=">AAAB6nicdVBNS0JBFL3Pvsy+rJZthiRoJTNiqTuhTUut/AB9yLxx1MF5H8zMC+ThT2jTooi2/aJ2/ZvmqUFFHbhwOOde7r3Hi6TQBuMPJ7O2vrG5ld3O7ezu7R/kD4/aOowV4y0WylB1Paq5FAFvGWEk70aKU9+TvONNr1K/c8+VFmFwZ2YRd306DsRIMGqsdNsc3AzyBVzEGBNCUEpI5RJbUqtVS6SKSGpZFGCFxiD/3h+GLPZ5YJikWvcIjoybUGUEk3ye68eaR5RN6Zj3LA2oz7WbLE6dozOrDNEoVLYCgxbq94mE+lrPfM92+tRM9G8vFf/yerEZVd1EBFFseMCWi0axRCZE6d9oKBRnRs4soUwJeytiE6ooMzadnA3h61P0P2mXiqRcvGiWC/XyKo4snMApnAOBCtThGhrQAgZjeIAneHak8+i8OK/L1oyzmjmGH3DePgFNoo3K</latexit>

RQRR
†

<latexit sha1_base64="0bwCbb8KGSlxC3ylMIsrLsBSHLc=">AAAB+nicdVDLSgMxFM3UV62vqS7dBIvgqkxKte2u4MZlW+wD2nHIZDJtaOZBklHK2E9x40IRt36JO//GTFtBRQ9cOJxzL/fe48acSWVZH0ZubX1jcyu/XdjZ3ds/MIuHPRklgtAuiXgkBi6WlLOQdhVTnA5iQXHgctp3p5eZ37+lQrIovFazmNoBHofMZwQrLTlmsQPbTgd2btKRh8djKuaOWbLKlmUhhGBGUO3C0qTRqFdQHaLM0iiBFVqO+T7yIpIENFSEYymHyIqVnWKhGOF0XhglksaYTPGYDjUNcUClnS5On8NTrXjQj4SuUMGF+n0ixYGUs8DVnQFWE/nby8S/vGGi/LqdsjBOFA3JcpGfcKgimOUAPSYoUXymCSaC6VshmWCBidJpFXQIX5/C/0mvUkbV8nm7WmpWV3HkwTE4AWcAgRpogivQAl1AwB14AE/g2bg3Ho0X43XZmjNWM0fgB4y3T4kxk4c=</latexit>

R

QL

<latexit sha1_base64="aUlUdJwGFxUwo8G1Y9Cs0p3x98A=">AAAB6nicdVBNS0JBFL3Pvsy+rJZthiRoJTNiqTuhTYsWSvkB+pB546iD8z6YmRfIw5/QpkURbftF7fo3zVODijpw4XDOvdx7jxdJoQ3GH05mbX1jcyu7ndvZ3ds/yB8etXUYK8ZbLJSh6npUcykC3jLCSN6NFKe+J3nHm16lfueeKy3C4M7MIu76dByIkWDUWOm2ObgZ5Au4iDEmhKCUkMoltqRWq5ZIFZHUsijACo1B/r0/DFns88AwSbXuERwZN6HKCCb5PNePNY8om9Ix71kaUJ9rN1mcOkdnVhmiUahsBQYt1O8TCfW1nvme7fSpmejfXir+5fViM6q6iQii2PCALReNYolMiNK/0VAozoycWUKZEvZWxCZUUWZsOjkbwten6H/SLhVJuXjRLBfq5VUcWTiBUzgHAhWowzU0oAUMxvAAT/DsSOfReXFel60ZZzVzDD/gvH0CRIqNxA==</latexit>

LQLL
†

<latexit sha1_base64="J2lHwfAM1jUv4hsECPd92v8FF/U=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VwVTKl2nZXcOOiixbsA9oYJpNJOnTyYGZSKKF/4saFIm79E3f+jZO2gooeuHA4517uvcdNOJPKsj6Mwsbm1vZOcbe0t39weGQen/RlnApCeyTmsRi6WFLOItpTTHE6TATFocvpwJ3e5P5gRoVkcXSn5gm1QxxEzGcEKy05ptnuOm3Yvs/GHg4CKhaOWbYqlmUhhGBOUP3a0qTZbFRRA6Lc0iiDNTqO+T72YpKGNFKEYylHyEqUnWGhGOF0URqnkiaYTHFAR5pGOKTSzpaXL+CFVjzox0JXpOBS/T6R4VDKeejqzhCrifzt5eJf3ihVfsPOWJSkikZktchPOVQxzGOAHhOUKD7XBBPB9K2QTLDAROmwSjqEr0/h/6RfraBa5apbK7dq6ziK4Aycg0uAQB20wC3ogB4gYAYewBN4NjLj0XgxXletBWM9cwp+wHj7BBU4k0s=</latexit>

L
QR

<latexit sha1_base64="dW8mMr5ctdcMOwH18Q8siKurDcc=">AAAB6nicdVBNS0JBFL3Pvsy+rJZthiRoJTNiqTuhTUut/AB9yLxx1MF5H8zMC+ThT2jTooi2/aJ2/ZvmqUFFHbhwOOde7r3Hi6TQBuMPJ7O2vrG5ld3O7ezu7R/kD4/aOowV4y0WylB1Paq5FAFvGWEk70aKU9+TvONNr1K/c8+VFmFwZ2YRd306DsRIMGqsdNsc3AzyBVzEGBNCUEpI5RJbUqtVS6SKSGpZFGCFxiD/3h+GLPZ5YJikWvcIjoybUGUEk3ye68eaR5RN6Zj3LA2oz7WbLE6dozOrDNEoVLYCgxbq94mE+lrPfM92+tRM9G8vFf/yerEZVd1EBFFseMCWi0axRCZE6d9oKBRnRs4soUwJeytiE6ooMzadnA3h61P0P2mXiqRcvGiWC/XyKo4snMApnAOBCtThGhrQAgZjeIAneHak8+i8OK/L1oyzmjmGH3DePgFNoo3K</latexit>

QL

<latexit sha1_base64="aUlUdJwGFxUwo8G1Y9Cs0p3x98A=">AAAB6nicdVBNS0JBFL3Pvsy+rJZthiRoJTNiqTuhTYsWSvkB+pB546iD8z6YmRfIw5/QpkURbftF7fo3zVODijpw4XDOvdx7jxdJoQ3GH05mbX1jcyu7ndvZ3ds/yB8etXUYK8ZbLJSh6npUcykC3jLCSN6NFKe+J3nHm16lfueeKy3C4M7MIu76dByIkWDUWOm2ObgZ5Au4iDEmhKCUkMoltqRWq5ZIFZHUsijACo1B/r0/DFns88AwSbXuERwZN6HKCCb5PNePNY8om9Ix71kaUJ9rN1mcOkdnVhmiUahsBQYt1O8TCfW1nvme7fSpmejfXir+5fViM6q6iQii2PCALReNYolMiNK/0VAozoycWUKZEvZWxCZUUWZsOjkbwten6H/SLhVJuXjRLBfq5VUcWTiBUzgHAhWowzU0oAUMxvAAT/DsSOfReXFel60ZZzVzDD/gvH0CRIqNxA==</latexit>

P
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Construct the chiral Lagrangian with the additional spurion fields QR, QL

tr[QRUQLU
†]

<latexit sha1_base64="Y6ppxfxwTCfnDiPx/oesJiI42DA="></latexit>

one invariant without derivatives

L2 =
f2

4
tr[rµUrµU†] + e2Ctr[QUQU †]

<latexit sha1_base64="hZEXgN2BBR/JjfKJzwWBF4cpQnk="></latexit>

‣ C:  LEC not determined by chiral symmetry

‣ Recall: The photon field is contained in the covariant derivative

‣ Power counting:  Q ∼ p   ⇒  𝓛2 is the LO Lagrangian

‣ Additional terms at NLO:  O(p2Q2, mqQ2, Q4) 
In total 17 additional terms to the Gasser-Leutwyler Lagrangian 𝓛4 

with 17 additional LECs Ki 

‣ provide the neccessary counter terms for 1-loop diagrams.

‣ hard to determine all from phenomenology

➥

➥

R. Urech, hep-ph/9405341
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The O(Q2) term contributes to the charged pion and kaon masses

e2Ctr[QUQU †
] = �2e2C

f2

⇣
⇡+⇡�

+K+K�
⌘
+O(⇡4

)

<latexit sha1_base64="nMON3nbwT4xvRC/ahN0j8fNFIRA="></latexit>

�M2
⇡± =

2e2C

f2

�M2
K± = �M2

⇡±

�M2
⇡0 = �M2

K0 = �M2
K

0 = �M2
⌘ = 0

<latexit sha1_base64="9WWo3CjgEKdl/vTgN96IwsV5QHg="></latexit>

‣ Electromagnetic shift is the same for π±  and K±    “Dashen’s theorem” (1969)

‣ Violations of Dashen’s theorem from loop diagrams of O(mqQ2)

Exercise:  
Derive these results
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⇣
M2

⇡± �M2
⇡0

⌘

exp
=

⇣
M2

⇡± �M2
⇡0

⌘

QCD
+

⇣
M2

⇡± �M2
⇡0

⌘

em

<latexit sha1_base64="Rcc3KRYqUfn4KT2IUyR/2mnL+eM="></latexit>

strong isospin breaking 
 ∼ (mu - md)2

⇣
M⇡± �M⇡0

⌘

QCD
= 0.17± 0.03MeV

<latexit sha1_base64="TJEWR4E/nPH8a9o+LU3OvmLFkWQ="></latexit>

⇣
M⇡± �M⇡0

⌘

em
= 4.43± 0.03MeV

<latexit sha1_base64="gSN6G0yq5eazeBfZVuinzaoDCG4="></latexit>

Isospin breaking in the pion masses is almost entirely due to emagn effects !

Use Dashen’s theorem to estimate the emagn contribution in the kaon masses: 

⇣
K⇡± �MK0

⌘

exp
⇡ �3.934MeV

<latexit sha1_base64="q8kcIVw7BtNeSgrTni2wGYke8Kw="></latexit>

⇣
K⇡± �MK0

⌘

em
⇡

⇣
M⇡± �M⇡0

⌘

em

M⇡

MK
⇡ 1.25MeV

<latexit sha1_base64="TsYY9/A+5MV0a4y3Ba3lFseLfGM="></latexit>

Gasser, Leutwyler, 1985⇒
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Most of what was covered here can be found in:



Exercises

slide 11

slide 35

see Lect 2, slide 22: 
Convince yourself that the chiral condensate in massless QCD (ChPT) does not 
receive pion loop corrections

38

For possible exercises see


