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Machine learning applications for LGT
Some applications of machine learning to the study of Lattice Gauge Theories and 
related models that have emerged recently

• To the detection of bulk phenomena such as phase transitions and critical points, e.g.:  

• Scientific Reports 7, 1 (2017), 8823 

• Nucl. Phys. B 944 (2019) 114639 arXiv:1812.06726 

• arXiv:1903.03506

• To the analysis of correlation functions, including in reconstructing parton 
distribution functions, e.g.: 

• Phys. Rev. D100 (2019) 014504, arXiv:1807.05971 

• Phys. Rev. D102 (2020) 9, 094508, arXiv:2007.13800 

• arXiv:2010.03996

• To the generation of field configurations, e.g.: 

• Phys. Rev. Lett. 125 (2020) arXiv:2003.06413 

• arXiv:2007.07115 

• arXiv:2008.05456
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Lattice Field Theories
LGT typically require computing integrals such as the following,

• φ: the fields, with D degrees of freedom 

• (φ): a physical observable of which we want the expectation value 

• S(φ): the action of the theory, a scalar function of φ  

• Z: the partition function, 

hOi =
1

Z

Z
d�1d�2...d�DO(�)e�S(�) =

1

Z

Z DY

i=1

d�iO(�)e�S(�)

<latexit sha1_base64="NcmxMRL+TdJk3SUGHF/HN7qcGVw="></latexit>

Z =

Z DY

i=1

d�ie
�S(�)

<latexit sha1_base64="dJRuS1j6JCMBA/XQBH4qosjlYro="></latexit>

O

<latexit sha1_base64="7ieMT6C92Ubu95/Nm7iOPZeigIY=">AAACCHicdVDNSgMxGMz6W+tf1aMgwSJ4WnatdevJghdvtmB/YLuUbJq2odnNkmSVsvToxbtXfQVv1osH38I3EHwJ060eKjoQGGa+fMmMHzEqlWW9G3PzC4tLy5mV7Ora+sZmbmu7LnksMKlhzrho+kgSRkNSU1Qx0owEQYHPSMMfnE/8xjURkvLwSg0j4gWoF9IuxUhpyW0FSPUxYsnlqJ3LW6btFEp2EWpSKjhOShznpHAKbdNKkT97HVc/b/fGlXbuo9XhOA5IqDBDUrq2FSkvQUJRzMgo24oliRAeoB5JgpgpKvjNjOpqGqKASC9Jg4zggVY6sMuFPqGCqTqzBwVSDgNfT04+Ln97E/Evz41Vt+QlNIxiRUI8fagbM6g4nLQCO1QQrNhQE4QF1Qkg7iOBsNLdZXU1P/nh/6R+ZNrHZrFq5cslMEUG7IJ9cAhs4IAyuAAVUAMYcHAPHsCjcWc8Gc/Gy3R0zvi+swNmYLx9AZR4n4I=</latexit>
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Lattice Field Theories

• φ: the fields, with D degrees of freedom 

• (φ): a physical observable of which we want the expectation value 

• S(φ): the action of the theory, a scalar function of φ  

• Z: the partition function, 

hOi =
1

Z

Z
d�1d�2...d�DO(�)e�S(�) =

1

Z

Z DY

i=1

d�iO(�)e�S(�)

<latexit sha1_base64="NcmxMRL+TdJk3SUGHF/HN7qcGVw="></latexit>

Z =

Z DY

i=1

d�ie
�S(�)

<latexit sha1_base64="dJRuS1j6JCMBA/XQBH4qosjlYro="></latexit>

hOi =

Z DY

i=1

d�ip(�)O(�)

<latexit sha1_base64="Y+kW5/ndpTY+SKbZg7gjQiOwuZ8="></latexit>

p(�) =
e�S(�)

Z

<latexit sha1_base64="AATGUqO8cPI+Q4WNSf8TVyh4A4I="></latexit>

 can be interpreted as a probability

O

<latexit sha1_base64="7ieMT6C92Ubu95/Nm7iOPZeigIY=">AAACCHicdVDNSgMxGMz6W+tf1aMgwSJ4WnatdevJghdvtmB/YLuUbJq2odnNkmSVsvToxbtXfQVv1osH38I3EHwJ060eKjoQGGa+fMmMHzEqlWW9G3PzC4tLy5mV7Ora+sZmbmu7LnksMKlhzrho+kgSRkNSU1Qx0owEQYHPSMMfnE/8xjURkvLwSg0j4gWoF9IuxUhpyW0FSPUxYsnlqJ3LW6btFEp2EWpSKjhOShznpHAKbdNKkT97HVc/b/fGlXbuo9XhOA5IqDBDUrq2FSkvQUJRzMgo24oliRAeoB5JgpgpKvjNjOpqGqKASC9Jg4zggVY6sMuFPqGCqTqzBwVSDgNfT04+Ln97E/Evz41Vt+QlNIxiRUI8fagbM6g4nLQCO1QQrNhQE4QF1Qkg7iOBsNLdZXU1P/nh/6R+ZNrHZrFq5cslMEUG7IJ9cAhs4IAyuAAVUAMYcHAPHsCjcWc8Gc/Gy3R0zvi+swNmYLx9AZR4n4I=</latexit>

Equivalently:

LGT typically require computing integrals such as the following,
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Markov chain Monte Carlo
Markov chain Monte Carlo: Generate a chain starting from an arbitrary field:

�0 ! �1 ! ... ! �k ! ... ! �M

<latexit sha1_base64="PpNrg5NNdh5Hj1zuhHDYAk9/xik="></latexit>

Call T(φk, φ’) the transition probability φk →φ’

{φ} will converge to p(φ) [e.g. to p(φ)=e-S(φ)/Ζ] if: 

• Ergodicity is satisfied, i.e. Tn(φ, φ’)＞0 for any φ, φ’ for a finite n 

• Balance is satisfied, i.e. 

Z DY

i=1

d�ip(�)T (�,�
0) = p(�0)

<latexit sha1_base64="RUlYdNMk0MH8Y4pkkEqftJ+ajEs="></latexit>
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Markov chain Monte Carlo
Metropolis sampling

1. Draw an update proposal φ’ from a distribution 

2. Accept φ’ as the next configuration in the Markov chain (φk+1) with probability: 

3. Otherwise: φk+1=φk

p̃(�0)

<latexit sha1_base64="ntMwfJeGlRmURo9OmPodZZl6yzs="></latexit>

min

✓
1,

p̃(�k)p(�0)

p(�k)p̃(�0)

◆

<latexit sha1_base64="qDRDbUB79M2c7vZybcMvI5WkYJk="></latexit>
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p̃(�0)

<latexit sha1_base64="ntMwfJeGlRmURo9OmPodZZl6yzs="></latexit>

min

✓
1,

p̃(�k)p(�0)

p(�k)p̃(�0)

◆

<latexit sha1_base64="qDRDbUB79M2c7vZybcMvI5WkYJk="></latexit>

• Satisfies ergodicity and balance 

• Allows drawing from an arbitrary distribution             , e.g. normal or uniform 

• Requires calculating:                                                                   , i.e. Z cancels

p̃(�0)

<latexit sha1_base64="ntMwfJeGlRmURo9OmPodZZl6yzs="></latexit>

p(�0)/p(�k) = e�[S(�0)�S(�k)]

<latexit sha1_base64="ekEhx3nEQ84cWSDp1Tj2Jmb1xrg="></latexit>
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Markov chain Monte Carlo
Metropolis sampling
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<latexit sha1_base64="qDRDbUB79M2c7vZybcMvI5WkYJk="></latexit>

• Satisfies ergodicity and balance 

• Allows drawing from an arbitrary distribution             , e.g. normal or uniform 

• Requires calculating:                                                                   , i.e. Z cancels

p̃(�0)

<latexit sha1_base64="ntMwfJeGlRmURo9OmPodZZl6yzs="></latexit>

p(�0)/p(�k) = e�[S(�0)�S(�k)]

<latexit sha1_base64="ekEhx3nEQ84cWSDp1Tj2Jmb1xrg="></latexit>

• Since the configurations φ are distributed according to the desired p(φ):

and statistical errors scale like

hOi =
1

M

MX

i=1

O(�i)

<latexit sha1_base64="ABdeVmXKhRDi5rnKwN01TdD2SVY="></latexit>

1p
M

<latexit sha1_base64="Chwq8/xaUZdxX05rv8V38kGUcVo="></latexit>
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Markov chain Monte Carlo
Metropolis sampling in Markov chain Monte Carlo

• Acceptance rate:  
– Ratio of accepted trials over total number of configurations 

– Usually can be tuneable



11

Markov chain Monte Carlo
Metropolis sampling in Markov chain Monte Carlo

• Acceptance rate:  
– Ratio of accepted trials over total number of configurations 

– Usually can be tuneable 

• Autocorrelation ρ(τ): 
– Probability of having τ rejections in a row, with ρ(0) = 1 

– Autocorrelation time is loosely the value of τ for which ρ(τ) = 0

– More formally: ⌧int =
1

2
+

1X

⌧=1

⇢(⌧)

<latexit sha1_base64="s5ewpwwARtzj/Ubb7q5GnvGVLos="></latexit>
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Markov chain Monte Carlo
Metropolis sampling in Markov chain Monte Carlo

• Acceptance rate:  
– Ratio of accepted trials over total number of configurations 

– Usually can be tuneable 

• Autocorrelation ρ(τ): 
– Probability of having τ rejections in a row, with ρ(0) = 1 

– Autocorrelation time is loosely the value of τ for which ρ(τ) = 0

– More formally: 

• Critical slowing down: 

– The divergence of τint as some parameters of the theory approach their 

critical value, e.g. as we approach a phase transition

⌧int =
1

2
+

1X

⌧=1

⇢(⌧)

<latexit sha1_base64="s5ewpwwARtzj/Ubb7q5GnvGVLos="></latexit>
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Example: U(1) pure-gauge with HMC
2-dimensional U(1) gauge-theory 

• Critical slowing down as � ! 1

<latexit sha1_base64="3nfScdARhMYf/WpxHyW0HJNd+BM="></latexit>

“Freezing” of topological charge:

Q =
1

2⇡

X

y

argP (y)

<latexit sha1_base64="NJclEoAMzWOeR5d5HQE/E1H6qM4="></latexit>
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Example: U(1) pure-gauge with HMC
2-dimensional U(1) gauge-theory 

• Critical slowing down as � ! 1

<latexit sha1_base64="3nfScdARhMYf/WpxHyW0HJNd+BM="></latexit>

Q =
1

2⇡

X

y

argP (y)

<latexit sha1_base64="NJclEoAMzWOeR5d5HQE/E1H6qM4="></latexit>

<latexit sha1_base64="Qal2FgS+gH+sEJM4w7KsLFx7Aew="></latexit>

⇢O(⌧) =
1

M�⌧

PM�⌧
i=1 (Oi � hOi)(Oi+⌧ � hOi)
1
M

PM
i=1(Oi � hOi)2
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Example: U(1) pure-gauge with HMC
2-dimensional U(1) gauge-theory 

• Critical slowing down as � ! 1

<latexit sha1_base64="3nfScdARhMYf/WpxHyW0HJNd+BM="></latexit>

Q =
1

2⇡

X

y

argP (y)

<latexit sha1_base64="NJclEoAMzWOeR5d5HQE/E1H6qM4="></latexit>

<latexit sha1_base64="Qal2FgS+gH+sEJM4w7KsLFx7Aew="></latexit>

⇢O(⌧) =
1

M�⌧

PM�⌧
i=1 (Oi � hOi)(Oi+⌧ � hOi)
1
M

PM
i=1(Oi � hOi)2

Critical slowing down: integrated autocorrelation 

time (τint) diverges as critical point approached
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Markov chain Monte Carlo
Metropolis sampling

1. Draw an update proposal φ’ from a distribution 

2. Accept φ’ as the next configuration in the Markov chain (φk+1) with probability: 

3. Otherwise: φk+1=φk

p̃(�0)

<latexit sha1_base64="ntMwfJeGlRmURo9OmPodZZl6yzs="></latexit>

min

✓
1,

p̃(�k)p(�0)

p(�k)p̃(�0)

◆

<latexit sha1_base64="qDRDbUB79M2c7vZybcMvI5WkYJk="></latexit>

• Use neural networks to provide proposals φ’ 
• Train neural network to yield              as close to p(φ’) as possiblep̃(�0)

<latexit sha1_base64="ntMwfJeGlRmURo9OmPodZZl6yzs="></latexit>

Flow-based generative models for Markov chain Monte Carlo
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Flow-based generative model
Prerequisite: reminder on transforming distributions
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Flow-based generative model

If X is a random variable with probability density function f(x), then for Y=h(X), the 
probability distribution of Y is:

p(y) = f(h�1(y))

����
d

dy
h�1(y)

����

<latexit sha1_base64="XJy1+4t+yA+f7A8qwom4CidMSUI="></latexit>

Prerequisite: reminder on transforming distributions
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Flow-based generative model

If X is a random variable with probability density function f(x), then for Y=h(X), the 
probability distribution of Y is:

p(y) = f(h�1(y))

����
d

dy
h�1(y)

����

<latexit sha1_base64="XJy1+4t+yA+f7A8qwom4CidMSUI="></latexit>

Trivial example, f(x) = 1 (uniform) and y = h(X) = -ln(X)

Prerequisite: reminder on transforming distributions
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Flow-based generative model
Generalizes to vectors of random variables:

p(~y) = f(h�1
a (~y))

����det
dh�1

i (~y)

dyj

����

<latexit sha1_base64="xLIEBoUoh9GATohKtcXhf28oCDE="></latexit>

Prerequisite: reminder on transforming distributions
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Flow-based generative model
Generalizes to vectors of random variables:

~u =

✓
u0

u1

◆

<latexit sha1_base64="47XIEEHNyTeA7+SqOmEu5iKmcYg="></latexit>

~z =

✓
z0
z1

◆
= ha(~u) =

✓ p
�2 lnu0 cos(2⇡u1)p
�2 lnu0 sin(2⇡u1)

◆

<latexit sha1_base64="J97uzk70dcBLh7qFPjBH7guvNQ4="></latexit>

p(~y) = f(h�1
a (~y))

����det
dh�1

i (~y)

dyj

����

<latexit sha1_base64="xLIEBoUoh9GATohKtcXhf28oCDE="></latexit>

E.g. the well-known Box-Muller transformation for transforming two uniformly 
distributed random variables u to two normally distributed random variables z

p(~z) =

����det
dh�1

i (~z)

dzj

���� =
1Y

i=0

1p
2⇡

e�
z2i
2

<latexit sha1_base64="yW8nd0PwxUkn1zoSxhtozZ0z22Q="></latexit>

Prerequisite: reminder on transforming distributions
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Flow-based generative model
The idea: given a set of random variables z drawn from a distribution r(z) which we 
know how to sample from, find a transformation φ = f -1(z) such that:

p̃(�) = r(f(�))

����det
d

d�
f(�)

���� '
e�S(�)

Z

<latexit sha1_base64="e4AXrum2Uek+lGOIuGVBvXSsPaQ="></latexit>
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Flow-based generative model
The idea: given a set of random variables z drawn from a distribution r(z) which we 
know how to sample from, find a transformation φ = f -1(z) such that:

p̃(�) = r(f(�))

����det
d

d�
f(�)

���� '
e�S(�)

Z

<latexit sha1_base64="e4AXrum2Uek+lGOIuGVBvXSsPaQ="></latexit>

• Requirements: 

– f(φ) must be invertible 

– Derivative must exist and Jacobean must be cheap to compute
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Flow-based generative model
The idea: given a set of random variables z drawn from a distribution r(z) which we 
know how to sample from, find a transformation φ = f -1(z) such that:

p̃(�) = r(f(�))

����det
d

d�
f(�)

���� '
e�S(�)

Z

<latexit sha1_base64="e4AXrum2Uek+lGOIuGVBvXSsPaQ="></latexit>

• Requirements: 

– f(φ) must be invertible 

– Derivative must exist and Jacobean must be cheap to compute

• Real non-volume preserving flow:

g(�) =

⇢
za = �a

zb = �b � es(�a) + t(�a)

<latexit sha1_base64="PB77egP087MAvxP+Zg5n/lrmxVA="></latexit>

– za, zb and φa, φb are half-vectors of z and φ (e.g. even and odd elements)

– s and t are neural networks that have inputs and outputs half the number of 
elements in φ and z
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Flow-based generative model
• Real non-volume preserving flow:

g(�) =

⇢
za = �a

zb = �b � es(�a) + t(�a)

<latexit sha1_base64="PB77egP087MAvxP+Zg5n/lrmxVA="></latexit>

g�1(z) =

⇢
�a = za
�b = (zb � t(za))� e�s(za)

<latexit sha1_base64="jBAF9Iet8uctvVdbnGNKp3fcmkA="></latexit>

– Note that these functions are invertible without requiring inverting the neural 
networks s and t

– za, zb and φa, φb are half-vectors of z and φ (e.g. even and odd elements)

– s and t are neural networks that have inputs and outputs half the number of 
elements in φ and z
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�a = za
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<latexit sha1_base64="jBAF9Iet8uctvVdbnGNKp3fcmkA="></latexit>

– Note that these functions are invertible without requiring inverting the neural 
networks s and t

– za, zb and φa, φb are half-vectors of z and φ (e.g. even and odd elements)

– s and t are neural networks that have inputs and outputs half the number of 
elements in φ and z

����det
dg(�)

d�

���� =

�����det
 

dg(�)a
d�a

dg(�)b
d�a

dg(�)a
d�b

dg(�)b
d�b

!����� =

�����det
 

1 dg(�)b
d�a

0 es(�a)

!����� =
Y

i2a

es(�a)i

<latexit sha1_base64="ixYXRfc+kgTu6SXbaPI6q6x6cqQ="></latexit>

– Determinant is easy to compute
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Flow-based generative model
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– Note that these functions are invertible without requiring inverting the neural 
networks s and t

– za, zb and φa, φb are half-vectors of z and φ (e.g. even and odd elements)

– s and t are neural networks that have inputs and outputs half the number of 
elements in φ and z

����det
dg(�)

d�

���� =

�����det
 

dg(�)a
d�a

dg(�)b
d�a

dg(�)a
d�b

dg(�)b
d�b

!����� =

�����det
 

1 dg(�)b
d�a

0 es(�a)

!����� =
Y

i2a

es(�a)i

<latexit sha1_base64="ixYXRfc+kgTu6SXbaPI6q6x6cqQ="></latexit>

– Determinant is easy to compute

– It’s also easy to chain these functions: 

f(�) = g1(g2(...gn(�)...)) ) f�1(z) = g�1
n (...g�1

2 (g�1
1 (z))...)

<latexit sha1_base64="Q9bth/X+wO9ahPDIEj36JKjvAAc="></latexit>
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Flow-based generative model
• Real NVP flow for Markov chain Monte Carlo:

g(�) =

⇢
za = �a

zb = �b � es(�a) + t(�a)

<latexit sha1_base64="PB77egP087MAvxP+Zg5n/lrmxVA="></latexit>
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Flow-based generative model
• Real NVP flow for Markov chain Monte Carlo:

g(�) =

⇢
za = �a

zb = �b � es(�a) + t(�a)

<latexit sha1_base64="PB77egP087MAvxP+Zg5n/lrmxVA="></latexit>

– Define a function to transform random variables z from a known distribution r(z):

f�1(z) = g�1
n (...g�1

2 (g�1
1 (z))...)

<latexit sha1_base64="fK3LDOgdwBYnnErWcOKwHTUMMSg="></latexit>
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Flow-based generative model
• Real NVP flow for Markov chain Monte Carlo:

g(�) =

⇢
za = �a

zb = �b � es(�a) + t(�a)

<latexit sha1_base64="PB77egP087MAvxP+Zg5n/lrmxVA="></latexit>

– Define a function to transform random variables z from a known distribution r(z):

– With φ=f-1(z), train the neural networks si and ti in each gi so that:

p̃(�) = r(f(�))

����det
d

d�
f(�)

���� '
e�S(�)

Z

<latexit sha1_base64="e4AXrum2Uek+lGOIuGVBvXSsPaQ="></latexit>

f�1(z) = g�1
n (...g�1

2 (g�1
1 (z))...)

<latexit sha1_base64="fK3LDOgdwBYnnErWcOKwHTUMMSg="></latexit>
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Flow-based generative model
• Real NVP flow for Markov chain Monte Carlo:
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– Define a function to transform random variables z from a known distribution r(z):

– With φ=f-1(z), train the neural networks si and ti in each gi so that:

p̃(�) = r(f(�))

����det
d

d�
f(�)

���� '
e�S(�)

Z

<latexit sha1_base64="e4AXrum2Uek+lGOIuGVBvXSsPaQ="></latexit>

f�1(z) = g�1
n (...g�1

2 (g�1
1 (z))...)

<latexit sha1_base64="fK3LDOgdwBYnnErWcOKwHTUMMSg="></latexit>

– After training φ=f-1(z) can be used to generate an arbitrary number of new fields. 
These should be approximately distributed according to the action.  

– To ensure the right distribution, start from one and accept the next one according 
to Metropolis accept/reject algorithm.
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Flow-based generative model
• How does one train (i.e. which function is to be minimised)?

– The loss function needs to reflect how close the output of the model is to the desired 
distribution 

– Shifted Kullback-Leibler (KL) divergence: 

L(p̃) =

Z Y

j

d�j p̃(�)(log p̃(�)� log p(�)� logZ)

L̂(p̃) =
1

M

MX

j=1

(log p̃(�) + S(�))

<latexit sha1_base64="mc1gOckYTAHQr9xWsEW+MEMr20o="></latexit>

– Minimum of loss function is bounded by –log Z



34

Flow-based generative model
• Trivial exercise: transform uniform to normal distribution

– Two affine layers (g1, g2) 

– In each affine layer, s and t have two hidden layers with 64 nodes each
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Flow-based generative model
– Two affine layers (g1, g2) 

– In each affine layer, s and t have two hidden layers with 64 nodes each

� = g�1
2 (g�1

1 (u))

<latexit sha1_base64="yyvkZV7rb1WCpsb+z38dClkJi4g="></latexit>

• Trivial exercise: transform uniform to normal distribution
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Flow-based generative model
– Two affine layers (g1, g2) 

– In each affine layer, s and t have two hidden layers with 64 nodes each

� = g�1
2 (g�1

1 (u))

<latexit sha1_base64="yyvkZV7rb1WCpsb+z38dClkJi4g="></latexit>

g�1
2

<latexit sha1_base64="lPubYVHTqlFa2OqBGSvLp1vHBWY=">AAACBXicdVC7TsMwFHV4lvIqMLJYVEgsRElbSLpVYmEsEn1Ibagc122tOnZkO6Aq6szOCr/Ahlj5Dv6Az8BNy1AER7rS0Tn32jonjBlV2nE+rZXVtfWNzdxWfntnd2+/cHDYVCKRmDSwYEK2Q6QIo5w0NNWMtGNJUBQy0grHVzO/dU+kooLf6klMgggNOR1QjLSR2sNe6S49d6e9QtGxXa/suxfQEL/seRnxvMtyFbq2k6EIFqj3Cl/dvsBJRLjGDCnVcZ1YBymSmmJGpvluokiM8BgNSRolTFMpHpbUjqEcRUQFaZZiCk+N0ocDIc1wDTN16R0UKTWJQrMZIT1Sv72Z+JfXSfTAD1LK40QTjucfDRIGtYCzSmCfSoI1mxiCsKQmAcQjJBHWpri8qeYnP/yfNEu2W7GrN5VizV+UlAPH4AScARd4oAauQR00AAYMPIFn8GI9Wq/Wm/U+X12xFjdHYAnWxzcLV5lP</latexit>

g�1
1

<latexit sha1_base64="ZxqoglWPC8SE7ZwDW6g0Bi7iHKE=">AAACBXicdVC7TsMwFHXKq5RXgZHFokJiIUpoIelWiYWxSPQhtaFyXLe1ajuR7YCqqDM7K/wCG2LlO/gDPgM3LUMRHOlKR+fca+ucMGZUacf5tHIrq2vrG/nNwtb2zu5ecf+gqaJEYtLAEYtkO0SKMCpIQ1PNSDuWBPGQkVY4vpr5rXsiFY3ErZ7EJOBoKOiAYqSN1B723Lv0zJ32iiXHdr2y715AQ/yy52XE8y7LVejaToYSWKDeK351+xFOOBEaM6RUx3ViHaRIaooZmRa6iSIxwmM0JClPmKYyelhSO4YKxIkK0izFFJ4YpQ8HkTQjNMzUpXcQV2rCQ7PJkR6p395M/MvrJHrgBykVcaKJwPOPBgmDOoKzSmCfSoI1mxiCsKQmAcQjJBHWpriCqeYnP/yfNM9tt2JXbyqlmr8oKQ+OwDE4BS7wQA1cgzpoAAwYeALP4MV6tF6tN+t9vpqzFjeHYAnWxzcJuJlO</latexit>

ua

ub

�
u

<latexit sha1_base64="MnWoK9IHSu5puEerqmterwqnXBY="></latexit>

u0
⇢

u0
a

u0
b

<latexit sha1_base64="G9ybz96JtweplKiBd4Gbra9N9xo="></latexit>

u0
a

u0
b

�
u0

<latexit sha1_base64="66+NBMByEQ0bYtwspRihYmUUPj4="></latexit>

�

⇢
�a

�b

<latexit sha1_base64="3qBBpB5czTcfD26WCEdcssYi6Eg="></latexit>

• Trivial exercise: transform uniform to normal distribution
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Flow-based generative model
– Two affine layers (g1, g2) 

– In each affine layer, s and t have two hidden layers with 64 nodes each

� = g�1
2 (g�1

1 (u))

<latexit sha1_base64="yyvkZV7rb1WCpsb+z38dClkJi4g="></latexit>

g�1
2

<latexit sha1_base64="lPubYVHTqlFa2OqBGSvLp1vHBWY=">AAACBXicdVC7TsMwFHV4lvIqMLJYVEgsRElbSLpVYmEsEn1Ibagc122tOnZkO6Aq6szOCr/Ahlj5Dv6Az8BNy1AER7rS0Tn32jonjBlV2nE+rZXVtfWNzdxWfntnd2+/cHDYVCKRmDSwYEK2Q6QIo5w0NNWMtGNJUBQy0grHVzO/dU+kooLf6klMgggNOR1QjLSR2sNe6S49d6e9QtGxXa/suxfQEL/seRnxvMtyFbq2k6EIFqj3Cl/dvsBJRLjGDCnVcZ1YBymSmmJGpvluokiM8BgNSRolTFMpHpbUjqEcRUQFaZZiCk+N0ocDIc1wDTN16R0UKTWJQrMZIT1Sv72Z+JfXSfTAD1LK40QTjucfDRIGtYCzSmCfSoI1mxiCsKQmAcQjJBHWpri8qeYnP/yfNEu2W7GrN5VizV+UlAPH4AScARd4oAauQR00AAYMPIFn8GI9Wq/Wm/U+X12xFjdHYAnWxzcLV5lP</latexit>

g�1
1

<latexit sha1_base64="ZxqoglWPC8SE7ZwDW6g0Bi7iHKE=">AAACBXicdVC7TsMwFHXKq5RXgZHFokJiIUpoIelWiYWxSPQhtaFyXLe1ajuR7YCqqDM7K/wCG2LlO/gDPgM3LUMRHOlKR+fca+ucMGZUacf5tHIrq2vrG/nNwtb2zu5ecf+gqaJEYtLAEYtkO0SKMCpIQ1PNSDuWBPGQkVY4vpr5rXsiFY3ErZ7EJOBoKOiAYqSN1B723Lv0zJ32iiXHdr2y715AQ/yy52XE8y7LVejaToYSWKDeK351+xFOOBEaM6RUx3ViHaRIaooZmRa6iSIxwmM0JClPmKYyelhSO4YKxIkK0izFFJ4YpQ8HkTQjNMzUpXcQV2rCQ7PJkR6p395M/MvrJHrgBykVcaKJwPOPBgmDOoKzSmCfSoI1mxiCsKQmAcQjJBHWpriCqeYnP/yfNM9tt2JXbyqlmr8oKQ+OwDE4BS7wQA1cgzpoAAwYeALP4MV6tF6tN+t9vpqzFjeHYAnWxzcJuJlO</latexit>

ua

ub

�
u

<latexit sha1_base64="MnWoK9IHSu5puEerqmterwqnXBY="></latexit>

u0
⇢

u0
a

u0
b

<latexit sha1_base64="G9ybz96JtweplKiBd4Gbra9N9xo="></latexit>

u0
a

u0
b

�
u0

<latexit sha1_base64="66+NBMByEQ0bYtwspRihYmUUPj4="></latexit>

�

⇢
�a

�b

<latexit sha1_base64="3qBBpB5czTcfD26WCEdcssYi6Eg="></latexit>

u0
a = ua

u0
b = (ub � t1(ua))� e�s1(ua)

<latexit sha1_base64="TMLCkqAx7Z4juIJRPc9uDk+2yV0="></latexit>

• Trivial exercise: transform uniform to normal distribution
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Flow-based generative model
– Two affine layers (g1, g2) 

– In each affine layer, s and t have two hidden layers with 64 nodes each

� = g�1
2 (g�1

1 (u))

<latexit sha1_base64="yyvkZV7rb1WCpsb+z38dClkJi4g="></latexit>

g�1
2

<latexit sha1_base64="lPubYVHTqlFa2OqBGSvLp1vHBWY=">AAACBXicdVC7TsMwFHV4lvIqMLJYVEgsRElbSLpVYmEsEn1Ibagc122tOnZkO6Aq6szOCr/Ahlj5Dv6Az8BNy1AER7rS0Tn32jonjBlV2nE+rZXVtfWNzdxWfntnd2+/cHDYVCKRmDSwYEK2Q6QIo5w0NNWMtGNJUBQy0grHVzO/dU+kooLf6klMgggNOR1QjLSR2sNe6S49d6e9QtGxXa/suxfQEL/seRnxvMtyFbq2k6EIFqj3Cl/dvsBJRLjGDCnVcZ1YBymSmmJGpvluokiM8BgNSRolTFMpHpbUjqEcRUQFaZZiCk+N0ocDIc1wDTN16R0UKTWJQrMZIT1Sv72Z+JfXSfTAD1LK40QTjucfDRIGtYCzSmCfSoI1mxiCsKQmAcQjJBHWpri8qeYnP/yfNEu2W7GrN5VizV+UlAPH4AScARd4oAauQR00AAYMPIFn8GI9Wq/Wm/U+X12xFjdHYAnWxzcLV5lP</latexit>

g�1
1

<latexit sha1_base64="ZxqoglWPC8SE7ZwDW6g0Bi7iHKE=">AAACBXicdVC7TsMwFHXKq5RXgZHFokJiIUpoIelWiYWxSPQhtaFyXLe1ajuR7YCqqDM7K/wCG2LlO/gDPgM3LUMRHOlKR+fca+ucMGZUacf5tHIrq2vrG/nNwtb2zu5ecf+gqaJEYtLAEYtkO0SKMCpIQ1PNSDuWBPGQkVY4vpr5rXsiFY3ErZ7EJOBoKOiAYqSN1B723Lv0zJ32iiXHdr2y715AQ/yy52XE8y7LVejaToYSWKDeK351+xFOOBEaM6RUx3ViHaRIaooZmRa6iSIxwmM0JClPmKYyelhSO4YKxIkK0izFFJ4YpQ8HkTQjNMzUpXcQV2rCQ7PJkR6p395M/MvrJHrgBykVcaKJwPOPBgmDOoKzSmCfSoI1mxiCsKQmAcQjJBHWpriCqeYnP/yfNM9tt2JXbyqlmr8oKQ+OwDE4BS7wQA1cgzpoAAwYeALP4MV6tF6tN+t9vpqzFjeHYAnWxzcJuJlO</latexit>

ua

ub

�
u

<latexit sha1_base64="MnWoK9IHSu5puEerqmterwqnXBY="></latexit>

u0
⇢

u0
a

u0
b

<latexit sha1_base64="G9ybz96JtweplKiBd4Gbra9N9xo="></latexit>

u0
a

u0
b

�
u0

<latexit sha1_base64="66+NBMByEQ0bYtwspRihYmUUPj4="></latexit>

�

⇢
�a

�b

<latexit sha1_base64="3qBBpB5czTcfD26WCEdcssYi6Eg="></latexit>

u0
a = ua

u0
b = (ub � t1(ua))� e�s1(ua)

<latexit sha1_base64="TMLCkqAx7Z4juIJRPc9uDk+2yV0="></latexit>

�a = (u0
a � t2(u0

b))� e�s2(u
0
b)

�b = u0
b

<latexit sha1_base64="WpWp59Os8X8wKTbgnrmH7/d9RaM="></latexit>

• Trivial exercise: transform uniform to normal distribution
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Flow-based generative model
– Two affine layers (g1, g2) 

– In each affine layer, s and t have two hidden layers with 64 nodes each

� = g�1
2 (g�1

1 (u))

<latexit sha1_base64="yyvkZV7rb1WCpsb+z38dClkJi4g="></latexit>

g�1
2

<latexit sha1_base64="lPubYVHTqlFa2OqBGSvLp1vHBWY=">AAACBXicdVC7TsMwFHV4lvIqMLJYVEgsRElbSLpVYmEsEn1Ibagc122tOnZkO6Aq6szOCr/Ahlj5Dv6Az8BNy1AER7rS0Tn32jonjBlV2nE+rZXVtfWNzdxWfntnd2+/cHDYVCKRmDSwYEK2Q6QIo5w0NNWMtGNJUBQy0grHVzO/dU+kooLf6klMgggNOR1QjLSR2sNe6S49d6e9QtGxXa/suxfQEL/seRnxvMtyFbq2k6EIFqj3Cl/dvsBJRLjGDCnVcZ1YBymSmmJGpvluokiM8BgNSRolTFMpHpbUjqEcRUQFaZZiCk+N0ocDIc1wDTN16R0UKTWJQrMZIT1Sv72Z+JfXSfTAD1LK40QTjucfDRIGtYCzSmCfSoI1mxiCsKQmAcQjJBHWpri8qeYnP/yfNEu2W7GrN5VizV+UlAPH4AScARd4oAauQR00AAYMPIFn8GI9Wq/Wm/U+X12xFjdHYAnWxzcLV5lP</latexit>

g�1
1

<latexit sha1_base64="ZxqoglWPC8SE7ZwDW6g0Bi7iHKE=">AAACBXicdVC7TsMwFHXKq5RXgZHFokJiIUpoIelWiYWxSPQhtaFyXLe1ajuR7YCqqDM7K/wCG2LlO/gDPgM3LUMRHOlKR+fca+ucMGZUacf5tHIrq2vrG/nNwtb2zu5ecf+gqaJEYtLAEYtkO0SKMCpIQ1PNSDuWBPGQkVY4vpr5rXsiFY3ErZ7EJOBoKOiAYqSN1B723Lv0zJ32iiXHdr2y715AQ/yy52XE8y7LVejaToYSWKDeK351+xFOOBEaM6RUx3ViHaRIaooZmRa6iSIxwmM0JClPmKYyelhSO4YKxIkK0izFFJ4YpQ8HkTQjNMzUpXcQV2rCQ7PJkR6p395M/MvrJHrgBykVcaKJwPOPBgmDOoKzSmCfSoI1mxiCsKQmAcQjJBHWpriCqeYnP/yfNM9tt2JXbyqlmr8oKQ+OwDE4BS7wQA1cgzpoAAwYeALP4MV6tF6tN+t9vpqzFjeHYAnWxzcJuJlO</latexit>

ua

ub

�
u

<latexit sha1_base64="MnWoK9IHSu5puEerqmterwqnXBY="></latexit>

u0
⇢

u0
a

u0
b

<latexit sha1_base64="G9ybz96JtweplKiBd4Gbra9N9xo="></latexit>

u0
a

u0
b

�
u0

<latexit sha1_base64="66+NBMByEQ0bYtwspRihYmUUPj4="></latexit>

�

⇢
�a

�b

<latexit sha1_base64="3qBBpB5czTcfD26WCEdcssYi6Eg="></latexit>

u0
a = ua

u0
b = (ub � t1(ua))� e�s1(ua)

<latexit sha1_base64="TMLCkqAx7Z4juIJRPc9uDk+2yV0="></latexit>

�a = (u0
a � t2(u0

b))� e�s2(u
0
b)

�b = u0
b

<latexit sha1_base64="WpWp59Os8X8wKTbgnrmH7/d9RaM="></latexit>

• Trivial exercise: transform uniform to normal distribution
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Flow-based generative model
– Two affine layers (g1, g2) 

– In each affine layer, s and t have two hidden layers with 64 nodes each

� = g�1
2 (g�1

1 (u))

<latexit sha1_base64="yyvkZV7rb1WCpsb+z38dClkJi4g="></latexit>

g�1
2

<latexit sha1_base64="lPubYVHTqlFa2OqBGSvLp1vHBWY=">AAACBXicdVC7TsMwFHV4lvIqMLJYVEgsRElbSLpVYmEsEn1Ibagc122tOnZkO6Aq6szOCr/Ahlj5Dv6Az8BNy1AER7rS0Tn32jonjBlV2nE+rZXVtfWNzdxWfntnd2+/cHDYVCKRmDSwYEK2Q6QIo5w0NNWMtGNJUBQy0grHVzO/dU+kooLf6klMgggNOR1QjLSR2sNe6S49d6e9QtGxXa/suxfQEL/seRnxvMtyFbq2k6EIFqj3Cl/dvsBJRLjGDCnVcZ1YBymSmmJGpvluokiM8BgNSRolTFMpHpbUjqEcRUQFaZZiCk+N0ocDIc1wDTN16R0UKTWJQrMZIT1Sv72Z+JfXSfTAD1LK40QTjucfDRIGtYCzSmCfSoI1mxiCsKQmAcQjJBHWpri8qeYnP/yfNEu2W7GrN5VizV+UlAPH4AScARd4oAauQR00AAYMPIFn8GI9Wq/Wm/U+X12xFjdHYAnWxzcLV5lP</latexit>

g�1
1

<latexit sha1_base64="ZxqoglWPC8SE7ZwDW6g0Bi7iHKE=">AAACBXicdVC7TsMwFHXKq5RXgZHFokJiIUpoIelWiYWxSPQhtaFyXLe1ajuR7YCqqDM7K/wCG2LlO/gDPgM3LUMRHOlKR+fca+ucMGZUacf5tHIrq2vrG/nNwtb2zu5ecf+gqaJEYtLAEYtkO0SKMCpIQ1PNSDuWBPGQkVY4vpr5rXsiFY3ErZ7EJOBoKOiAYqSN1B723Lv0zJ32iiXHdr2y715AQ/yy52XE8y7LVejaToYSWKDeK351+xFOOBEaM6RUx3ViHaRIaooZmRa6iSIxwmM0JClPmKYyelhSO4YKxIkK0izFFJ4YpQ8HkTQjNMzUpXcQV2rCQ7PJkR6p395M/MvrJHrgBykVcaKJwPOPBgmDOoKzSmCfSoI1mxiCsKQmAcQjJBHWpriCqeYnP/yfNM9tt2JXbyqlmr8oKQ+OwDE4BS7wQA1cgzpoAAwYeALP4MV6tF6tN+t9vpqzFjeHYAnWxzcJuJlO</latexit>

ua

ub

�
u

<latexit sha1_base64="MnWoK9IHSu5puEerqmterwqnXBY="></latexit>

u0
⇢

u0
a

u0
b

<latexit sha1_base64="G9ybz96JtweplKiBd4Gbra9N9xo="></latexit>

u0
a

u0
b

�
u0

<latexit sha1_base64="66+NBMByEQ0bYtwspRihYmUUPj4="></latexit>

�

⇢
�a

�b

<latexit sha1_base64="3qBBpB5czTcfD26WCEdcssYi6Eg="></latexit>

u0
a = ua

u0
b = (ub � t1(ua))� e�s1(ua)

<latexit sha1_base64="TMLCkqAx7Z4juIJRPc9uDk+2yV0="></latexit>

�a = (u0
a � t2(u0

b))� e�s2(u
0
b)

�b = u0
b

<latexit sha1_base64="WpWp59Os8X8wKTbgnrmH7/d9RaM="></latexit>

• Trivial exercise: transform uniform to normal distribution
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Flow-based generative model
• Transform uniform to normal distribution

– Two affine layers (g1, g2) 

– In each affine layer, s and t have two hidden layers with 64 nodes each
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Flow-based generative model
• Transform uniform to normal distribution

– Two affine layers (g1, g2) 

– In each affine layer, s and t have two hidden layers with 64 nodes each



43

Flow-based generative model
• Transform uniform to normal distribution

– Two affine layers (g1, g2) 

– In each affine layer, s and t have two hidden layers with 64 nodes each
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Flow-based generative model
• Transform uniform to normal distribution

– Two affine layers (g1, g2) 

– In each affine layer, s and t have two hidden layers with 64 nodes each
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Flow-based generative model
• Transform uniform to normal distribution

– Two affine layers (g1, g2) 

– In each affine layer, s and t have two hidden layers with 64 nodes each

– Loss function stagnates after some number of iterations
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Flow-based generative model
• Transform uniform to normal distribution

– Two affine layers (g1, g2) 

– In each affine layer, s and t have two hidden layers with 64 nodes each

– Increasing number of affine layers allows for a smaller loss function
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φ4 model

2-dimensional scalar field theory with the action:

S(�) =
LX

i=1

LX

j=1

�i,j(4�i,j � �i�1,j � �i+1,j � �i,j�1 � �i,j+1) +m2�2
i,j + ��4

i,j

<latexit sha1_base64="8E7+Oclswz4XJMbDnmZNyyl2WI0="></latexit>

Five choices of the parameters considered:

E1 E2 E3 E4 E5
L 6 8 10 12 14
m2 -4 -4 -4 -4 -4
� 6.975 6.008 5.550 5.276 5.113

<latexit sha1_base64="9/XGcAd2eW5B0OmuksC5Eb5rrko="></latexit>

The parameters are chosen such that mpL is constant  

⇒ as L → ∞, mp → 0, a critical point.

Application to φ4 model as in arXiv:1904.12072
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Example: φ4 model
Example of critical slowing down

Observable is the two-point susceptibility 

Where Gc is the two-point correlation function:

�2 =
X

x

Gc(x)

<latexit sha1_base64="W2ZuhafynttE6LN9wBIQBGojd2o="></latexit>

�2 =
1

L2

X

y

h�(y)�(y + x)i � h�(y)ih�(y + x)i

<latexit sha1_base64="yjmRF/Nhl0jcsYRH1eD1YIZCEiw="></latexit>
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Example: φ4 model
Example of critical slowing down

Observable autocorrelation time:

⇢O(⌧) =
1

M�⌧

PM�⌧
i=1 (Oi � hOi)(Oi+⌧ � hOi)
1
M

PM
i=1(Oi � hOi)2

<latexit sha1_base64="Bp7JgZRARVQO5GzFZGUsoMuAkmI="></latexit>
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Flow-based generative model

– Each ensemble on 1 Marconi100 node (4 V100 GPUs) 

– Increasing complexity of neural networks and coupling layers from E1 to E5 

• Application to φ4 model:



51

Flow-based generative model

– Each ensemble on 1 Marconi100 node (4 V100 GPUs) 

– Increasing complexity of neural networks and coupling layers from E1 to E5 

– Training cost: ~0.5-1 second per iteration 

• Application to φ4 model:
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Flow-based generative model
• Observable values towards criticality
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Flow-based generative model
• Autocorrelation times
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