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• interpolators

• Wick contractions 

• all-to-all propagators: distillation method

• Applications:

- bound states

- virtual bound states
- resonances (covered in lecture 4)

In all cases : energy regions where a single channel H1 H2 is present



Interpolators 
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meson example (of course quarks q can have different flavors) 
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they create/annihilate states of the system with given 

quantum number (irrep / JPC)



Wick contractions: all-to-all propagators needed 
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example  of M1 M2 <-> M1 M2 contraction

O(ti) O(tf) 
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q(~xf , tf )q̄(~xi, ti) Propagators from all points xi, ti to all points xf,tf needed 
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q(~xf , tf )q̄(~yf , tf ) Propagators from all points yf, tf to all points xf,tf needed 

Brute force: this would require calculation propagators from all (x,t) space time points: NL
3 x NT x 3 inversions.

In practice: this is not feasible (for each Dirac index)

if those two are of same flavor
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Distillation method for all-to-all propagators   

most-weidely employed method to get all-to-all propagators: 
distillation method: Peardon et al 2009 Phys.Rev.D 80 (2009) 054506

I suggest to read the original reference to learn the method

spatially-smeared quark around point x 

Laplace Heaviside smearing (cuts-out higher frequency modes)

v(k)(t)     k=1,...,N are eigenvectors of lattice Laplace-operator(t)  which is NxN matrix, N=3 NL
3

if Nv=N : qs=q, Nv=O(100) << 3 NL
3 is taken

<latexit sha1_base64="TSFUgXthE7eN1joChHQrlnAQxJQ="></latexit>

q(~x, t) ! qs(~x, t)

q↵cs (~x, t) =
k=NvX

k=1

v(k)~xc (t)v
(k)†
~x0c0 (t) q

↵c0(~x0, t) spectral decomposition
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brute force: propagators from  all xi , ti to  all xf , tf

distillation : propagators from v(ki)(ti)  (ki=1,..,Nv)  to  v(kf)(tf)  (kf=1,..,Nv)

these propagators are calculated and stored

they are called peramulators 

all Wick contractions can be expressed in terms of them 

(as long as one is happy with using smeared quarks)

for matrix elements of local currents one needs point-quarks     

3 x NL
3 x NT

number of inversions per Dirac index

3 x Nv , Nv~O(100) 

<latexit sha1_base64="GfgtIEjgnnr5c1fT2DEZe8HHBms=">AAACDXicbZDLSsNAFIYnXmu9RV26GaxCC1ISUXRZdOOygr1AG8JkOmmHTi7OnBRL6Au48VXcuFDErXt3vo3TNqC2/jDw851zOHN+LxZcgWV9GQuLS8srq7m1/PrG5ta2ubNbV1EiKavRSESy6RHFBA9ZDTgI1owlI4EnWMPrX43rjQGTikfhLQxj5gSkG3KfUwIaueYhviu2B4zie9c/BtcvtT0ifxjXjJdcs2CVrYnwvLEzU0CZqq752e5ENAlYCFQQpVq2FYOTEgmcCjbKtxPFYkL7pMta2oYkYMpJJ9eM8JEmHexHUr8Q8IT+nkhJoNQw8HRnQKCnZmtj+F+tlYB/4aQ8jBNgIZ0u8hOBIcLjaHCHS0ZBDLUhVHL9V0x7RBIKOsC8DsGePXne1E/K9lnZujktVC6zOHJoHx2gIrLROaqga1RFNUTRA3pCL+jVeDSejTfjfdq6YGQze+iPjI9v206aKg==</latexit>

q(~xf , tf )q̄(~xi, ti)
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⌧kfki(tf , ti) ⌘ v(kf )(tf )v
(ki)†(ti)

Distillation method for all-to-all propagators   

(not feasible)
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Reminder how to identify on the lattice
bound state, virtual bound state, resonances
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Scattering of two hadrons H1 H2 

- assuming that only one channel is present in the given energy region (elastic scattering)

- H1 H2 carry no spin 

- Determine eigen-energies E , E=Ecm

- Determine Tl(E) for these  E via Luscher's  equation

Riemann sheet I  if Im(p)>0  ,   Riemann sheet II if Im(p)<0

- location of pole in the scattering amplitude T(E) help to identify 

bound state: pole for real E below threshold               Riemann sheet I 

virtual bound state: pole for real E below threshold  Riemann sheet II

no need to cosider complex E for (virtual) bound states

- for resonances : T (real E)  ->  T( complex E)  

resonance: pole away from real axes E=m-1/2 i Γ Riemann sheet II

these poles affect physical scattering ("peaks in 𝜎") 

if they are close to physical axes (green line)                Riemann sheet I

ReE

ImE

th

green: I       red:     II

E.= 𝑚!
" + 𝑝" + 𝑚"

" + 𝑝"



Shallow bound states
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pole of T(E) for real E below threshold

p=i|p| : Riemann sheet I



Ds0
* shallow bound state in DK scattering: I=0, JP=0+

Sasa Prelovsek

Ptot =0  : interpolators in irrep A1
+ of Oh contain J=0 states 

Oqq = sc

         sγ i∇ic

         sγ tγ i∇ic

         s∇i∇ic

QCD in finite volume Figure by RQCD

mπ =156 MeV, Nf=2+1, V=323x64, L=2.9 fm [PACS-CS] PACSCS

10
C evaluated using distillation method [Peardon et al.]

D. Mohler, C. Lang, L. Leskovec, S.P. , R. Woloshyn: Phys. Rev. Lett.  2013,    PRD 2014

Ds0
* lies 45 MeV below DK strong decay threshol in experiment 

(p=0)



Ds0
*(2317)  

D. Mohler, C. Lang, L. Leskovec, S.P. , R. Woloshyn: 

Phys. Rev. Lett.  2013: mπ≈156 MeV, L≈2.9 fm, Nf=2+1, PACSCS

mesonic bound st. established on lattice  for the first time 

Sasa Prelovsek

pcotδ(p) =
1

a0

+
1

2
r0 p2

a0 = −1.33± 0.20 fm r0 = 0.27± 0.17 fm

Ds0
*(2317) m - ¼ (mDs+3mDs*

) mD+mK-m

lat 266    ± 16±4 MeV 36 ± 17 MeV

exp 241.45 ± 0.6   MeV 45 MeV
QCD in finite volume 11

E = mD
2 + p2 + mK

2 + p2 pcotδ(p) =
2

π L
Z00 (1, ( pL

2π )2 )

Luscher 1991

𝑝 𝑐𝑜𝑡𝛿
𝑖 𝑝 = 𝑖 𝑖 𝑝 =

- −𝑝!



Spectrum of Ds mesons

Sasa Prelovsek

mπ=266 MeV, Nf=2, L≈2 fm mπ=156 MeV, Nf=2+1, L≈2.9 fm

Lang, Leskovec,  Mohler, S.P. , Woloshyn:  PRD 2014, Phys. Rev. Lett.  2013

QCD in finite volume 12

D*K

DK



Ds0
*(2317) 

Sasa Prelovsek

Bali, Collins, Cox, Schafer (RQCD): 

PRD (2017) 074501

O : sc, D(0)K(0) , D(1)K(−1)

QCD in finite volume 13

mD+mK



Ds0
*(2317) 

Sasa Prelovsek

pcotδ(p) =
1

a0

+
1

2
r0 p2

Bali, Collins, Cox, Schafer (RQCD): 

PRD (2017) 074501

RQCD

mπ=156 MeV
-1.33(20)
0.27(17)

36 (17)

Lang et al.QCD in finite volume 14

O : sc, D(0)K(0) , D(1)K(−1)



The need for systems with nonzero total momentum P
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Intermezzo

So far we considered only P=0: this renders only T(Ecm) at few values of Ecm

in the non-interacting limit one can reach the following Ecm of  H1H2

P=0

general P 

Ecm =
q

p2 +m2
1 +

q
(�p)2 +m2

2, ~p = ~n 2⇡
L

<latexit sha1_base64="GXA1SgCwpeDm8beq4FBt6+AKW5A="></latexit>

p1

p2
P typical P considered:

P=(0,0,1), (1,1,0), (1,1,1) ... 
these give access to 
additional Ecm and additional T(Ecm)

<latexit sha1_base64="ZdwUn/PB8W23x1EEVXxQfSwPzeo="></latexit>

E =
q

~p21 +m2
1 +

q
(~P � ~p1)2 +m2

2, ~p1 = ~n 2⇡
L , ~P = ~d 2⇡

L

Ecm =

q
E2 � ~P 2



Symmetries are significantly reduced for P≠ 0

16

continuum

Parity: NOT good

Rotations/reflections: 
transformations that leave P invariant 

rotations around P; little group U(1)

single-particle with momentum P and spin S:

spin S of a particle: not good  

only J=S+L : good

helicity : good

cubic lattice 

Parity: NOT good

Rotations/reflections: 
transformations that leave box and P invariant: Not much symmetry left !! 

(or symmetries of box seen in moving frame)

P=(0,1,0):  8 elements

P=(1,1,0); 4 elements

irreps: good quantum numbers

helicity: not good

challenge: certain irrep gets contribution from both parities and 

several partial waves 

Π is reflection in a plane that contains p; it preserves p

� =
~S · ~P
|~P |

<latexit sha1_base64="P5uHghv2YE2RuV9Qcw6SQ7/vmGo=">AAACFXicbZDLSsNAFIYnXmu9RV26GSyCCymJVHQjFN24rGgv0IQymUzaoZNJmJkUSpqXcOOruHGhiFvBnW/jNM1CW38Y+PjPOZw5vxczKpVlfRtLyyura+uljfLm1vbOrrm335JRIjBp4ohFouMhSRjlpKmoYqQTC4JCj5G2N7yZ1tsjIiSN+IMax8QNUZ/TgGKktNUzT6HDdLePrpxAIJw6I4LhvYP9SMGcG1k6mcEk65kVq2rlgotgF1ABhRo988vxI5yEhCvMkJRd24qVmyKhKGYkKzuJJDHCQ9QnXY0chUS6aX5VBo+148MgEvpxBXP390SKQinHoac7Q6QGcr42Nf+rdRMVXLop5XGiCMezRUHCoIrgNCLoU0GwYmMNCAuq/wrxAOl0lA6yrEOw509ehNZZ1a5Vz+9qlfp1EUcJHIIjcAJscAHq4BY0QBNg8AiewSt4M56MF+Pd+Ji1LhnFzAH4I+PzB+QUnqw=</latexit>

Sasa Prelovsek QCD in finite volume



Generalization of Luscher’s relation for P≠ 0

Sasa Prelovsek QCD in finite volume 17

m1=m2: Rummikainen, Gottlieb 1995 [hep-lat/9503028], Kim, Sachrajda, Sharpe 2005 [hep-lat/0507006]

m1≠ 𝑚2: Leskovec & S.P. [1202.2145], Briceno 1401.3312 

Luscher’s relation for P= 0

E=Ecm

<latexit sha1_base64="SrJeku/wmo6kQLUK90f6aXo2PDk=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgxpKIohuh6MZlhb6gCWEymbRDJw9mboQSunfjr7hxoYhbf8Cdf+O0zUJbD1w4nHMv997jp4IrsKxvo7Syura+Ud6sbG3v7O6Z+wcdlWSSsjZNRCJ7PlFM8Ji1gYNgvVQyEvmCdf3R7dTvPjCpeBK3YJwyNyKDmIecEtCSZ1Yxxi1PXDuhJDS3J3nq0AScgAkgnsCnPJ14Zs2qWzPgZWIXpIYKND3zywkSmkUsBiqIUn3bSsHNiQROBZtUnEyxlNARGbC+pjGJmHLz2S8TfKyVAIeJ1BUDnqm/J3ISKTWOfN0ZERiqRW8q/uf1Mwiv3JzHaQYspvNFYSYwJHgaDA64ZBTEWBNCJde3YjokOhXQ8VV0CPbiy8ukc1a3L+rW/XmtcVPEUUZHqIpOkI0uUQPdoSZqI4oe0TN6RW/Gk/FivBsf89aSUcwcoj8wPn8Avq2aQQ==</latexit>

Tl =
1

p cot �l � ip

p=momentum in cm frame

Pd: mesh of lattice points seen in cmf: 

r are not integers 

<latexit sha1_base64="zmereHdw/pnDB6SteLK8YRE0czY="></latexit>

Z
~d
lm(1, q2) ⌘

X

~r2P~d

rl Ylm(~r)

(~r2 � q2)



Symmetries for P=0: Oh
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Symmetries for P ≠0

P=(0,1,0) m1=m2 P=(0,1,0) m1 ≠ m2

<latexit sha1_base64="zmereHdw/pnDB6SteLK8YRE0czY="></latexit>

Z
~d
lm(1, q2) ⌘

X

~r2P~d

rl Ylm(~r)

(~r2 � q2)

<latexit sha1_base64="tus5nfuv2v72PQ1+wO285nC0pq8=">AAACAHicbVDLSsNAFL3xWesr6sKFm8EiuCqJD3QjFN24kgr2AU0sk+mkHTqZhJlJoYRu/BU3LhRx62e482+cpl1o64HLPZxzLzP3BAlnSjvOt7WwuLS8slpYK65vbG5t2zu7dRWnktAaiXksmwFWlDNBa5ppTpuJpDgKOG0E/Zux3xhQqVgsHvQwoX6Eu4KFjGBtpLa9jxDyBpQgeZU34TGB7h5P23bJKTs50Dxxp6QEU1Tb9pfXiUkaUaEJx0q1XCfRfoalZoTTUdFLFU0w6eMubRkqcESVn+UHjNCRUToojKUpoVGu/t7IcKTUMArMZIR1T816Y/E/r5Xq8NLPmEhSTQWZPBSmHOkYjdNAHSYp0XxoCCaSmb8i0sMSE20yK5oQ3NmT50n9pOyel537s1LlehpHAQ7gEI7BhQuowC1UoQYERvAMr/BmPVkv1rv1MRldsKY7e/AH1ucP9M6UuA==</latexit>

~r = ~n 2 N3

<latexit sha1_base64="YxtGbI2DBHw/OUinwS808kK0zic="></latexit>

~r 2⇡
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2A
~P )

<latexit sha1_base64="S/CXx0Rt2c90Gyj++YeaUUYeg7Q="></latexit>

~p1 = ~n 2⇡
L , A = 1 + m2

1�m2
2

E2
cm

x

y

x

y

x

mesh Pd invariant under inversion

irrep gets contribution of a certain parity

irrep gits contribution of only even l

or only odd l

mesh Pd invariant NOT under inversion

irrep gets contribution of both parities (in general, there are fortunately exceptions)

irrep gets contribution of even l AND odd l (in general, there are fortunately exceptions)

y
both mashes are Lorentz 

contracted in y-direction



back to shallow bound states
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now with simulations with P=0 and P ≠ 0



Deuteron (pn) channel at mu=md=ms
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NPLQCD, 1706.0655: m𝜋 ≈ 800MeV ∶ m − mp − mn = −28 4 MeV

exp: m−mp −mn = −2 MeV

See also results by other groups: HALQCD, Mainz, Callat,Hortz et al,...

lattice groups find inconsistent results (even for SU(3) symmetric case):

some find bound state and some not

= P

p,n carry spin: more on 
scattering in such case 
in lecture 4



Virtual bound states
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pole of T(E) for real E below threshold

p= - i|p| : Riemann sheet II

These are not proper normalizable states

They are features of interaction
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Dineutron (nn) channel at mu=md=ms

Hortz et al, 2009:11825 m𝜋 ≈ 714 MeV

See also results by other groups: HALQCD, Mainz, Callat,Hortz et al,...

lattice groups find inconsistent results (even for SU(3) symmetric case):

some find virtual bound state and some find bound state   

𝑝 𝑐𝑜𝑡𝛿

𝑖 𝑝 = 𝑖 −𝑖 𝑝 = + −𝑝!

pcotδ(p) =
1

a0

+
1

2
r0 p2

n carries spin: more on 
scattering in such case 
in lecture 4

exp: m− 2mn = −60 keV



D- K+

Sasa Prelovsek QCD in finite volume

HadSpec. Coll, 2008.06432

23

certain irrep gets 

contribution fom multiple 

partial waves (odd and even) 

for P≠ 0 since mD≠mK

P

<latexit sha1_base64="aCWbsgykC/gOrtrCaK4fdmbWLQc=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyURRZdFNy4r2Ae0oUwmk3boZBJmJkIN1V9x40IRt/6HO//GaZqFth643MM59zJ3jp9wprTjfFulpeWV1bXyemVjc2t7x97da6k4lYQ2Scxj2fGxopwJ2tRMc9pJJMWRz2nbH11P/fY9lYrF4k6PE+pFeCBYyAjWRurbB8ig52OJSPCYd4XSvl11ak4OtEjcglShQKNvf/WCmKQRFZpwrFTXdRLtZVhqRjidVHqpogkmIzygXUMFjqjysvz6CTo2SoDCWJoSGuXq740MR0qNI99MRlgP1bw3Ff/zuqkOL72MiSTVVJDZQ2HKkY7RNAoUMEmJ5mNDMJHM3IrIEEtMtAmsYkJw57+8SFqnNfe85tyeVetXRRxlOIQjOAEXLqAON9CAJhB4gGd4hTfryXqx3q2P2WjJKnb24Q+szx/8h5Om</latexit>

c̄d s̄u explicitly exotic flavor



D- K+ , JP=0+, I=0
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HadSpec. Coll, 2008.06432



Sasa Prelovsek QCD in finite volume 25

D- K+
<latexit sha1_base64="aCWbsgykC/gOrtrCaK4fdmbWLQc=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyURRZdFNy4r2Ae0oUwmk3boZBJmJkIN1V9x40IRt/6HO//GaZqFth643MM59zJ3jp9wprTjfFulpeWV1bXyemVjc2t7x97da6k4lYQ2Scxj2fGxopwJ2tRMc9pJJMWRz2nbH11P/fY9lYrF4k6PE+pFeCBYyAjWRurbB8ig52OJSPCYd4XSvl11ak4OtEjcglShQKNvf/WCmKQRFZpwrFTXdRLtZVhqRjidVHqpogkmIzygXUMFjqjysvz6CTo2SoDCWJoSGuXq740MR0qNI99MRlgP1bw3Ff/zuqkOL72MiSTVVJDZQ2HKkY7RNAoUMEmJ5mNDMJHM3IrIEEtMtAmsYkJw57+8SFqnNfe85tyeVetXRRxlOIQjOAEXLqAON9CAJhB4gGd4hTfryXqx3q2P2WjJKnb24Q+szx/8h5Om</latexit>

c̄d s̄u explicitly exotic flavor,  isospin from exp: 0 or 1 ?

exp evidence for two exotic resonances LHCb
2009.00025, 2009.00026

near D*K* thr.

energy Ecm =2.9 GeV 

not reached by HSC lattice sim.


