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Motivation
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outline will be presented after motivation
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Clasification of hadron states

decay strongly
not eigenstates of QCD

can not decay strongly:
p n            D D*       D K

deuteron, X(3872), Ds0*(2317) 

these lectures: QCD, no electro-weak interactions, only strong decays



Mesonic resonance and bound states  
q states well below 

threshold

q strongly decay: 
resonances

q candidates for 
shallow bound st.

(analogues of deuterium)
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slightly below DK

D*K



Hadronic resonances appear in scattering 
as “bumps” in cross-section
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decay time (via strong int.) : 
uncertainty in E: 

Example:  ρ

τ

Γ = ! / τ
Γ=1−300  MeV

in experiment and in theory one determines:  

E(ππ )

€ 

σ

Γ

mR

simplest Breit Wigner

scattering amplitude

center-of-momentum 

energy

�(E) / |T (E)|2 = | E�

E2 �m2
R + iE�

|2

JPC=1--
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Some examples from experiment
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https://lhcb-public.web.cern.ch

there is great data from other exps as well!
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https://lhcb-public.web.cern.ch/


Cconventional charmonium resonances: c c
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LHCb 2019
1903.12240

JPC 1-- 3-- 2++

DD th.



Candidates for conventional hadrons: excited Ωc
*
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LHCb march 2017

1703.04639

E(⌅+
c K�) [GeV ]

⌦⇤
c ! ⌅+

c K�

(csu) (ūs) = css

five narrow resonances

css
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Candidates for exotic hadrons: pentaquarks Pc
LHCb 2019 

P+
c ! J/ p

c̄c uud

QCD in finite volume

E(J/ p) [GeV ]
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Fully charming tetraquark: c c c c
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LHCb 2020
2006.16957 

X(6900)
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[BESIII & Belle

2013, PRL ] 

Example: Zc
+(3900)

Z+
c (3900) ! J/ ⇡+

c̄c d̄u

Candidates for exotic hadrons: tetraquarks Zc
+

M ≈ 3900 MeV ,    Γ ≈ 30 MeV  

E(J/ ⇡+) [GeV ]

a number of other exotic hadrons

were discovered in past fourteen years .. 
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Outline for all lectures
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1. scattering in continuum

• shallow bound states, virtual bound states, resonances

• poles of scattering amplitude T in complex energy-plane ... 

2.  lattice QCD in finite volume

• extracting  eigen-energies En of two-hadron system

• derivation of Luscher's relation between En and scattering matrix T in QFT

3.  (simple) examples: lattice studies of one-channel scattering

• bound states, virtual bound states, resonances

4. scattering of particles with spin: construction of two-hadron interpolators 

coupled-channel scattering 



Disclaimer
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The lectures do not present review of la]ce simula^ons

Specific la]ce results are shown just as examples

O`en results based on less fancy analysis are presented  for simplicity
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For an overview of the literature: consult papers or review papers

Scattering processes and resonances from lattice QCD
R. Briceno, J. Dudek, R. Young
1706.06223, Rev. Mod. Phys

The XYZ states: experimental and theoretical status and perspectives  
N. Brambilla, S. Eidelman, C. Hanhart, A. Nefediev, C.-P. Shen, C. Thomas, A. Vairo, C.-Z. Yuang
1907.07583,  Physics Reports
(there is section on lattice results)

The Belle II Physics book,  Quarkonium(like) Physics (chapter 14)
N. Brambilla, B. Fulsom, C. Hanhart, Y. Kiyo, R. Mizuk, R. Mussa, A. Polosa, S. Prelovsek, C. P. Shen
1808.10567, Progress of Theoretical and Experimental Physics  
(there is section on lattice results)

Lattice sectroscopy with focus on exotics
S. Prelovsek
2001.01767, PoS Beauty 2019

proceedings of Lattice conferences, paralell or plenary talks 

.....



Outline, lecture 1
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Scattering in continuum

• shallow bound states, virtual bound states, resonances

• how do we identify them once T is extracted 

• poles of  T in complex energy-plane, Riemann sheets

• partial waves : l=0, l>0

• near-threshold behavior

• example: spherical well potential

T=scattering amplitude
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Hadrons

valence quark

Conventional                   Exotic      

q̄ q̄ q q

q̄ q q q q

tetraquarks

pentaquarks

hybrid mesons

Terminology in this talk: tetra(penta) quarks  
indicate  just the number of valence quarks in  
the state; it is not meant to say anything on 
how quarks are clustered in them 

minimal valence content

+ glons

+ q̄q pairs

!𝑞 𝑞 𝐺

all exp discovered exoOc hadrons 

are resonances or shallow bound states

Sasa Prelovsek



Current status
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exp. discovered exotic hadrons 
Pc , Zc , X(6900),  ...

some exotic hadrons identified on lattice
b b u d , b b u s

not easy for lattice QCD
(several strong decay channels) 

(too) difficult for experiment
those two not discovered yet 

many challenges left

experimental progress and results are impressive and motivating



Scattering in Nonrelativistic Quantum Mechanics
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Schrodinger equation

R=relative distance
m=reduced mass
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Scattering
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In (e-ipr)+ out (eipr) Only out

Schwabl, Chapter 18

Plot of V(r)

for large r



Scattering, l=0 (s-wave) 

Sasa Prelovsek QCD in finite volume 21

on the other hand, for r>R  where V(r)=0: 

in (e-ipr) only in the first term 

0

Schwabl, chapter 18.3
dominant at small E

complicated

S(E)S=<out|in>

conservaOon of prob.

if  𝜆 >> object (low p) : s-wave dominant 



Scattering, l=0 (s-wave) 
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on the other hand, for r>R  where V(r)=0: 

plot of s-wave scat

in (e-ipr) only in the first term 

0

Schwabl, chapter 18.3
dominant at small E
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Scattering, l=0 (s-wave) 

different normalizadons of T are used 

T= scattering amplitude:

basic object of  these lectures
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u(R) = A sinqR = B e−|p|R

ʹu (R) = qA cosqR = − | p | B e−|p|R

ψ(r) = R(r) = u(r)
r

(l = 0)

1
q

tanqR = − 1
| p |

A sinqr B e−|p|r  
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Spherical well in 3D : bound state (l=0)

example: deuterium (pn, J=1)
V0=36 MeV, R=2 fm, m=mN/2
E = EB = −2 𝑀𝑒𝑉

Aim: show that scaoering matrix T(E=EB) = ∞ at the energy of the bound state 
on Riemann sheet 1 

p2/2m = E < 0
p=+ i |p| : we will call this Riemann sheet 1, Im(p) > 0

q2/2m = E +V0



spherical well: scattering  with l=0 
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A sinqr B sin(pr +δ0 ) 

δ0 (p) = arctan p
q

tan(qR)
⎛

⎝
⎜

⎞

⎠
⎟− pR+ nπ

25

𝑢 𝑅 = 𝐴 sin 𝑞𝑅 = 𝐵 sin(𝑝𝑅 + 𝛿)
𝑢′ 𝑅 = 𝑞 𝐴 cos 𝑞𝑅 = 𝑝 𝐵 cos(𝑝𝑅 + 𝛿)

1
𝑞
tan 𝑞𝑅 =

1
𝑝
tan(𝑝𝑅 + 𝛿)dividing both eqs

E > 0 : scattering
relations apply also for E < 0

p: momontum of a scattering particle in cmf

example: deuterium (pn, J=1)
V0=36 MeV, R=2 fm, mr=mN/2
E = EB = −2 𝑀𝑒𝑉

QCD in finite volume
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example: deuteron (pn, J=1)
V0=36 MeV, R=2 fm, mr=mN/2
E = EB = −2 𝑀𝑒𝑉
E=p2/2m, p=± i √2m|E| , take +

pole of T  at the position 

of the bound state

bound state corresponds to a pole of the scattering 

matrix  T(E=EB) =∞ below threshold 

for p= i |p| (Riemann sheet 1 )

Bound state

the plot below  indicates a pole for p=i |p| (sheet 1)

extracted from lat
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scattering matrix has a pole T(E=EB) =∞
at the energy of the bound state 

Bound state in QFT

T(E) ∝ !
"#$" =   !

%#$" #$"

T(𝐸!" = 𝑚) = ∞

bound state

Bound state in QM

S= ∞, 𝑝 = 𝑖 𝑝
only exp falling part

r>R



Virtual bound state
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bound state corresponds to a pole of the scattering 
matrix  T(E=EB) =∞ below threshold for p=  - i |p|
(Riemann sheet 2 )

example  pn, pp, nn :  J=0
(this is not deuteron)
V0=23 MeV, R=2 fm, m=mN/2
pole at E ≈ - 160 keV below  th
in nature E = - 60 keV 

E=p2/2m, p=± i √2m|E| , take -

the potential is just not deep enough 

to form the bound state 

more on Riemann sheets-

in few slides
p=  - i |p|



Large increase of rate above threshold
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in case of shallow (virtual) bound state 

dN/dt ∝ 𝑗 σ ∝ p |T|2

example  pn, pp, nn :  J=0 

V0=23 MeV, R=2 fm, m=mN/2

pole at E ≈ - 160 keV  

example: deuteron (pn, J=1)

V0=36 MeV, R=2 fm, mr=mN/2

pole at E = EB = −2𝑀𝑒𝑉

in both cases : pole below threshols affects  scattering above th. 



How to search for shallow
bound state or virtual bound state 

on the lattice?

I'll show  lattice exmaple of Ds0
*(2317) bound state in DK scattering, s-wave

• extract  T,  δ or p cotδ as a function of E
lat: these can be determined for real E above and somewhat below th.
exp:  real E above th. only

• bound state : pole in scattering matrix S or T for p=i |p|

or p cotδ = i p = - |p|

• virtual bound state : pole in scattering matrix S or T for p= - i |p|

or p cotδ = i p =  |p|

Sasa Prelovsek QCD in finite volume 30



Intermezzo: 2 Rimann sheets & complex energies
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before considering   resonances

so far we considered real E :   E>0, E<0 :  p=∓ 2𝑚𝐸 , p=∓ i |p|

in general one considers also complex E by continuing T(E) to the complex plane:   again p is obtained from E 

for given E : p has two values : Riemann sheet defines which of the two applies

Riemann sheet 1 (“physical”): Im(p)>0                 Example: p=i|p| (bound state pole is on this sheet)

Riemann sheet 2 (“unphysical”): Im(p) <0           p=-i|p| (virtual bount st. pole is on this sh.)

relation between E and p outside the region of potential : 

E = p2/2m
p is obtained from E by taking square root: square root is multivalued function 

E= 𝑚-
. + 𝑝. + 𝑚.

. + 𝑝.

p=∓ 2𝑚𝐸
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Riemann sheet 1 (“physical”): Im(p)> 0

Riemann sheet 2 (“unphysical”): Im(p) <0 

Continued Intermezzo

example: 2m=1    p=± 2𝑚𝐸 = ± 𝐸
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Riemann sheet 1 (“physical”): Im(p)> 0

Riemann sheet 2 (“unphysical”): Im(p) <0 

location of apole in T for bound state pole

location of a pole in T for virtual bound state

Continued Intermezzo

Experiments explore real E above threshold : E>0
Physical scattering : E=|E|+i  eps

if poles are  close below threshold: 

they affect scattering in exp
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Riemann sheet 1 (“physical”): Im(p)> 0

Riemann sheet 2 (“unphysical”): Im(p) <0 

note: pysical axes is smoothly 

connected to sheet II

If pole close to real axes: 

affects scattering in exp.  

location of a pole in T 

for a resonance  (we will see that next)

Continued Intermezzo

another  view
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𝒑 𝐜𝐨𝐭 𝜹 = 𝒇(𝑬)

i 𝒑:

function of E, not of sqrt(E) : without proof
no sign ambiguity, same on both sheets
continuation to complex plane: E in f(E) replace by complex E

sqrt(E), multivalued, the sign of this part depends on the sheet
continuation to complex plane: E in sqrt(E) replace by complex E:
Im(p)>0: sheet 1 ; Im(p)<0: sheet 2

poles of T are related to states: 
(virtual) bound states and resonances 

Continued Intermezzo



Resonances: most hadrons are resonances
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focus on relativistic BW where E=2 𝑚! + 𝑝!



Sasa Prelovsek QCD in finite volume 37

this derivation applies for s-wave

and relativistic BW where E=2 𝑚! + 𝑝!

p cot(del) = E (mR2-E2)/g2 

~ const (mR2-E2)

~ A – B p2,      A,B>0
[E depends very mildly on p in relativistic case] 

focus on relativistic BW where E=2 𝑚! + 𝑝!
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The nonrelativistic derivation that resonance pole is at E=mR-i Γ/2  on Riemann sheet II:

Perl, High Energy Hadron Physics, pages 345 (last paragraph) – 347. 

At the end of lecture 1 I attach a pdf for pages 342-347, 

which represent a self-contained  derivation of poles in  the complex energy plane



Summary: hadronic resonances appear in scattering 
as “bumps” in cross-section
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decay time (via strong int.) : 
uncertainty in E: 

Example:  ρ

τ

Γ = ! / τ
Γ=1−300  MeV

in experiment and in theory one determines:  

E(ππ )

€ 

σ

Γ

mR

simplest Breit Wigner

scattering matrix

center-of-momentum 

energy

�(E) / |T (E)|2 = | E�

E2 �m2
R + iE�

|2

JPC=1--
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What was covered  last time ? 
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- most of hadrons are strongly decaying resonances

they need to be inferred from scattering in exp or on the lattice

- two-hadron scattering in continuum

so far s-wave (l=0)

p momentum of particle in cmf

- real E -> complex E, E=Ecm

Riemann sheet I  if Im(p)>0  

Riemann sheet II if Im(p)<0

- location of pole in the scattering amplitude T(E) help to identify 

bound state: pole for real E below threshold               Riemann sheet I 

virtual bound state: pole for real E below threshold  Riemann sheet II

resonance: pole away from real axes E=m-1/2 i Γ Riemann sheet II

these poles affect physical scattering ("peaks in 𝜎") 

if they are close to physical axes (green line)             Riemann sheet I

2019

(p)

(-p)

ReE

ImE

th

E(J/ p) [GeV ]

green: I       red:     II



Higher partial waves, l>0
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sometimes norm. of 

T chosen diferently

SS+=I, S parametrized in terms of phase shift

outside the region of poten^al inside: 
R: complicated

for large r

outgoing wave
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solutions of ordinary diferential equations: tricvial with Mathematica NDSolve



Near-threshold behavior of phase shiT
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for general potential and general partial wave l

lim p→0tanδl (p)∝ p2l+1, p2l+1 cotδl (p) =C +O(p2 )

ψ(r) = Rl (r)Ylm"Proof": Landau: QM, Sections 132 & 33, p -> k

kr >>1 :

QCD in finite volume 43

Taylor expansion in p

kr >>1 :



exercise: s-wave scattering on spherical potential well
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δ0 (p) = arctan p
q

tan(qR)
⎛

⎝
⎜

⎞

⎠
⎟− pR+ nπ

p cotδ0 (p) =

q = 2µV0 + p2 = C2 + p2

Taylor expanding

=
1
a0

+
1
2

r0 p2

1/a0
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Effective range expansion

p cotδ0 (p) =s-wave: a0: scattering length

=
1
a0

+
1
2

r0 p2

C2
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This sections shows that: if pole appears on sheet II away from real axes, this leads to BW form of T(E) 
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