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Summary of last week

ChPT is an expansion in powers of external pion momenta and quark masses

At a given chiral dimension D = 2N+2 only a finite number of 

loops (L  ≤  N)

and vertices of Ld  with d  ≤  2N+2 

contribute.

At a given chiral dimension D = 2N+2 only a finite number of LECs contribute

These are sufficient to renormalise the theory and render the theory finite 
The chiral lagrangian by construction contains all terms compatible with the symmetries

Only a finite number of renormalised LECs need to be determined (pheno, lattice) 
for ChPT to make predictions.
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<latexit sha1_base64="UjPzO3e9lLXJiMLa+0OHwejw/Ok=">AAAB/3icdZDLSgMxFIYzXmu9jQpu3ASLUDclKaNtdwU3LivYC3RqyaSZNjRzIckIZezCV3HjQhG3voY738ZMW0FFDwQ+/v8czsnvxYIrjdCHtbS8srq2ntvIb25t7+zae/stFSWSsiaNRCQ7HlFM8JA1NdeCdWLJSOAJ1vbGF5nfvmVS8Si81pOY9QIyDLnPKdFG6tuHri8JTeOb8jQtOm7MoX9quG8XUAkhhDGGGeDKOTJQq1XLuApxZpkqgEU1+va7O4hoErBQU0GU6mIU615KpOZUsGneTRSLCR2TIesaDEnAVC+d3T+FJ0YZQD+S5oUaztTvEykJlJoEnukMiB6p314m/uV1E+1XeykP40SzkM4X+YmAOoJZGHDAJaNaTAwQKrm5FdIRMYFoE1nehPD1U/g/tMol7JTOrpxC3VnEkQNH4BgUAQYVUAeXoAGagII78ACewLN1bz1aL9brvHXJWswcgB9lvX0CBkSVbw==</latexit>
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<latexit sha1_base64="apympE1briWFqCSVWmSTVVQvROM=">AAACBXicdVDLSgMxFM34rPVVdamLYBHqpkyGattdwY0boYJ9QGdaMmmmDc08SDJCGWbjxl9x40IRt/6DO//GTFtBRQ9c7uGce0nucSPOpDLND2NpeWV1bT23kd/c2t7ZLeztt2UYC0JbJOSh6LpYUs4C2lJMcdqNBMW+y2nHnVxkfueWCsnC4EZNI+r4eBQwjxGstDQoHNmewCS56luDxI5Ymialiu7QO+1b6aBQNMumaSKEYEZQ9dzUpF6vWagGUWZpFMECzUHh3R6GJPZpoAjHUvaQGSknwUIxwmmat2NJI0wmeER7mgbYp9JJZlek8EQrQ+iFQleg4Ez9vpFgX8qp7+pJH6ux/O1l4l9eL1ZezUlYEMWKBmT+kBdzqEKYRQKHTFCi+FQTTATTf4VkjHUsSgeX1yF8XQr/J22rjCrls+tKsVFZxJEDh+AYlAACVdAAl6AJWoCAO/AAnsCzcW88Gi/G63x0yVjsHIAfMN4+AcXjmBQ=</latexit>
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<latexit sha1_base64="xsAIHaoYZkekjJCDLMMuMTa9o08=">AAACA3icdVDLSgMxFM3UV62vUXe6CRahbsqkVNvuCm4EESrYB3TakkkzbWjmQZIRyjDgxl9x40IRt/6EO//GTFtBRQ9cOJxzL/fe44ScSWVZH0ZmaXlldS27ntvY3NreMXf3WjKIBKFNEvBAdBwsKWc+bSqmOO2EgmLP4bTtTM5Tv31LhWSBf6OmIe15eOQzlxGstDQwD2xXYBJf9UuD+DJJ4kLZDhl0T/qlZGDmraJlWQghmBJUObM0qdWqJVSFKLU08mCBxsB8t4cBiTzqK8KxlF1khaoXY6EY4TTJ2ZGkISYTPKJdTX3sUdmLZz8k8FgrQ+gGQpev4Ez9PhFjT8qp5+hOD6ux/O2l4l9eN1JutRczP4wU9cl8kRtxqAKYBgKHTFCi+FQTTATTt0IyxjoUpWPL6RC+PoX/k1apiMrF0+tyvl5exJEFh+AIFAACFVAHF6ABmoCAO/AAnsCzcW88Gi/G67w1Yyxm9sEPGG+fAniXFg==</latexit>



Outline Part 4

Loose ends (cont.)

Anomalies

Transformation law of the pion fields

Some selected applications for Lattice QCD

Finite volume corrections

Non-zero lattice spacing corrections:  Wilson fermions

Multi-pion excited state contribution
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So far:  LChPT = L2 + L4 + · · ·

<latexit sha1_base64="nKKnqszAEnH1Lk1Ps6yzEmNSQL0="></latexit>

based on local chiral invariance

Observation: 

e.g. K+K�

<latexit sha1_base64="C3D457+VGVL2cZLnsDoiFpz7Z5c=">AAAB7XicdVDLSgMxFM3UV62vqks3wSIIYpmUattdwY3QTQX7gHZaMmnaxmaSIckIZeg/uHGhiFv/x51/Y6atoKIHLhzOuZd77/FDzrRx3Q8ntbK6tr6R3sxsbe/s7mX3D5paRorQBpFcqraPNeVM0IZhhtN2qCgOfE5b/uQq8Vv3VGkmxa2ZhtQL8EiwISPYWKlZ653Veuf9bM7Nu66LEIIJQaVL15JKpVxAZYgSyyIHlqj3s+/dgSRRQIUhHGvdQW5ovBgrwwins0w30jTEZIJHtGOpwAHVXjy/dgZPrDKAQ6lsCQPn6veJGAdaTwPfdgbYjPVvLxH/8jqRGZa9mIkwMlSQxaJhxKGRMHkdDpiixPCpJZgoZm+FZIwVJsYGlLEhfH0K/yfNQh4V8xc3xVy1uIwjDY7AMTgFCJRAFVyDOmgAAu7AA3gCz450Hp0X53XRmnKWM4fgB5y3T75yjpA=</latexit>

⇡+⇡�⇡0

<latexit sha1_base64="DQ0Y3iSLhqnge6qkEpf9AWc4RTw=">AAAB+HicdVDLSgMxFM3UV62Pjrp0EyyCIJakVNvuCm5cVrAPaMeSSTNtaCYzJBmhln6JGxeKuPVT3Pk3ZtoKKnogl8M593Jvjh8Lrg1CH05mZXVtfSO7mdva3tnNu3v7LR0lirImjUSkOj7RTHDJmoYbwTqxYiT0BWv748vUb98xpXkkb8wkZl5IhpIHnBJjpb6b78X89jQtZ2lBfbeAigghjDFMCa5cIEtqtWoJVyFOLYsCWKLRd997g4gmIZOGCqJ1F6PYeFOiDKeCzXK9RLOY0DEZsq6lkoRMe9P54TN4bJUBDCJlnzRwrn6fmJJQ60no286QmJH+7aXiX143MUHVm3IZJ4ZJulgUJAKaCKYpwAFXjBoxsYRQxe2tkI6IItTYrHI2hK+fwv9Jq1TE5eL5dblQLy/jyIJDcAROAAYVUAdXoAGagIIEPIAn8OzcO4/Oi/O6aM04y5kD8APO2ycVuZKy</latexit>

⇡0

<latexit sha1_base64="+0JHF4zW/biNA9TDWUaLE4rPSik=">AAAB7HicdVBNS0JBFL3Pvsy+rJZthiRoJTNiqTuhTUuDngpqMm8cdXDevMfMvEDE39CmRRFt+0Ht+jfNU4OKOnDhcM693HtPEEthLMYfXmZtfWNzK7ud29nd2z/IHx41TZRoxn0WyUi3A2q4FIr7VljJ27HmNAwkbwWTq9Rv3XNtRKRu7TTmvZCOlBgKRq2T/G4s7nA/X8BFjDEhBKWEVC6xI7VatUSqiKSWQwFWaPTz791BxJKQK8skNaZDcGx7M6qtYJLPc93E8JiyCR3xjqOKhtz0Zotj5+jMKQM0jLQrZdFC/T4xo6Ex0zBwnSG1Y/PbS8W/vE5ih9XeTKg4sVyx5aJhIpGNUPo5GgjNmZVTRyjTwt2K2JhqyqzLJ+dC+PoU/U+apSIpFy9uyoV6eRVHFk7gFM6BQAXqcA0N8IGBgAd4gmdPeY/ei/e6bM14q5lj+AHv7RO+9o6f</latexit>

��

<latexit sha1_base64="dKB6p+v9B3BmsxAyBv0tpT5L5j0=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4Kkmptt0V3LisYGuhM5RMmmlDk8yQZIQy9DfcuFDErT/jzr8x01ZQ0QP3cjjnXnJzwkRwYxH68Apr6xubW8Xt0s7u3v5B+fCoZ+JUU9alsYh1PySGCa5Y13IrWD/RjMhQsLtwepX7d/dMGx6rWztLWCDJWPGIU2Kd5PtjIiVZ9mG5gqoIIYwxzAluXCJHWq1mDTchzi2HClihMyy/+6OYppIpSwUxZoBRYoOMaMupYPOSnxqWEDolYzZwVBHJTJAtbp7DM6eMYBRrV8rChfp9IyPSmJkM3aQkdmJ+e7n4lzdIbdQMMq6S1DJFlw9FqYA2hnkAcMQ1o1bMHCFUc3crpBOiCbUuppIL4eun8H/Sq1VxvXpxU6+066s4iuAEnIJzgEEDtME16IAuoCABD+AJPHup9+i9eK/L0YK32jkGP+C9fQJcSJHg</latexit>

Something is missing:  anomalous Ward identities ! 

all terms involve an even power of pion fields

➥ invariance under inner parity  π(x) → - π(x)
➥ experimentally observed processes involving  
     an odd number of pion fields are not allowed/described 

‣ Local chiral transformations are anomalous in the regularized theory 
There are additional anomalous contributions in the chiral Ward identities !

‣ In the path integral quantization anomalies stem from the  
non-invariance of the fermion measure in the fermionic path integral
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Consider infinitesimal local transformations

D[F 0] = D[F ](1 + i�Z)

<latexit sha1_base64="ylZ9bXvofE5vRjwuPaMvOjEPSkg="></latexit>

�Z = �
Z

d4x tr
⇣
!A(x)⌦(x)

⌘

<latexit sha1_base64="pbWnm/TH5MushZKelWFwXlI7O6c="></latexit>

!A =
1

2
(!R � !L)

<latexit sha1_base64="u6v+nsMXY2pnCq+igadx9Fr0RGQ="></latexit>

�Z = �Z[v, a]

<latexit sha1_base64="wvhgdgkNM7v28pHX/xGgeLcQZ0M=">AAACAnicdZDLSgMxFIYzXmu9jboSN8EiuJAyKdW2C6HgxmUFe8HpUDKZTBuauZBkCmUobnwVNy4UcetTuPNtzLRVVPRA4OP/z+Hk/G7MmVSW9W4sLC4tr6zm1vLrG5tb2+bObktGiSC0SSIeiY6LJeUspE3FFKedWFAcuJy23eFF5rdHVEgWhddqHFMnwP2Q+YxgpaWeud/1KFcY3sBz+IX26AQ7PbNgFS3LQgjBDFDlzNJQq1VLqApRZukqgHk1euZb14tIEtBQEY6ltJEVKyfFQjHC6STfTSSNMRniPrU1hjig0kmnJ0zgkVY86EdCv1DBqfp9IsWBlOPA1Z0BVgP528vEvzw7UX7VSVkYJ4qGZLbITzhUEczygB4TlCg+1oCJYPqvkAywwETp1PI6hM9L4f/QKhVRuXh6VS7Uy/M4cuAAHIJjgEAF1MElaIAmIOAW3INH8GTcGQ/Gs/Eya10w5jN74EcZrx8Uo5Xt</latexit>

⌦[v(x), a(x)] =
Nc

16⇡2
✏µ⌫⇢�

�
vµ⌫(x)v⇢�(x) + . . .

<latexit sha1_base64="GV/6qBmVvlJLj+IysuLZj5gezHY="></latexit>

independent of gluons, quarks, quark masses !

Nc : number of colors

Important here:  δZ is explicitly known !

field strength tensor vµ⌫ = @µv⌫ � . . .

<latexit sha1_base64="FPn4h6kTNj5Du3SvDOevC6DlEMI="></latexit>

L(x) = 1 + i!a
L(x)T

a

<latexit sha1_base64="hLEoNJI6EdpzS/mc80BaKKaOPbc=">AAACAXicdVDLSgMxFM3UV62vUTeCm2ARKkKZlGrbhVBw48JFhb6gHUsmzbShmQdJRixD3fgrblwo4ta/cOffmGkrqOiByz2ccy/JPU7ImVSW9WGkFhaXllfSq5m19Y3NLXN7pymDSBDaIAEPRNvBknLm04ZiitN2KCj2HE5bzug88Vs3VEgW+HU1Dqnt4YHPXEaw0lLP3LvM3R6doWPWDTw6wNe4lwh13c2slbcsCyEEE4JKp5YmlUq5gMoQJZZGFsxR65nv3X5AIo/6inAsZQdZobJjLBQjnE4y3UjSEJMRHtCOpj72qLTj6QUTeKiVPnQDoctXcKp+34ixJ+XYc/Skh9VQ/vYS8S+vEym3bMfMDyNFfTJ7yI04VAFM4oB9JihRfKwJJoLpv0IyxAITpUPL6BC+LoX/k2Yhj4r5k6titlqcx5EG++AA5AACJVAFF6AGGoCAO/AAnsCzcW88Gi/G62w0Zcx3dsEPGG+fX3GVjQ==</latexit>

R(x) = 1 + i!a
R(x)T

a

<latexit sha1_base64="22EfvbJXcdszy0/Y8xvJR/u8zyA=">AAACAXicdVDLSgMxFM3UV62vUTeCm2ARKkKZlGrbhVBw47JKX9COJZNm2tDMgyQjlqFu/BU3LhRx61+482/MtBVU9MDlHs65l+QeJ+RMKsv6MFILi0vLK+nVzNr6xuaWub3TlEEkCG2QgAei7WBJOfNpQzHFaTsUFHsOpy1ndJ74rRsqJAv8uhqH1PbwwGcuI1hpqWfuXeVuj87QMesGHh3ga9xLhLruZtbKW5aFEIIJQaVTS5NKpVxAZYgSSyML5qj1zPduPyCRR31FOJayg6xQ2TEWihFOJ5luJGmIyQgPaEdTH3tU2vH0ggk81EofuoHQ5Ss4Vb9vxNiTcuw5etLDaih/e4n4l9eJlFu2Y+aHkaI+mT3kRhyqACZxwD4TlCg+1gQTwfRfIRligYnSoWV0CF+Xwv9Js5BHxfzJZTFbLc7jSIN9cAByAIESqIILUAMNQMAdeABP4Nm4Nx6NF+N1Npoy5ju74AeMt09yT5WZ</latexit>
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W [v0, a0] =

Z
D[F 0] eiS[F 0,v0,a0]

=

Z
D[F ](1 + i�Z[v, a]) eiS[F,v,a]

=

Z
D[F ]eiS[F,v,a]+i�Z[v,a]

<latexit sha1_base64="yeOq6s2En638bhJVnhhnTHgmujI="></latexit>

Se↵ [F
0, v0, a0] = Se↵ [F, v, a] + �Z[v, a]

<latexit sha1_base64="TObAjuUTCuVA8g1G2fVgKLbiVgs="></latexit>

recall Lect 2, slide 11: W [v0, a0] = W [v, a] + �W [v, a]

<latexit sha1_base64="vDS3F5uAaEDsho1hThsA+xyk2lc=">AAACCXicdZBNS0JBFIbn2pfZl9WyzZCEQSJ3xFIXgdCmpUF+gF7k3HHUwbkfzMwVRNy26a+0aVFE2/5Bu/5Nc9Wgog4MPPO+5zBzXjcUXGnb/rASK6tr6xvJzdTW9s7uXnr/oKGCSFJWp4EIZMsFxQT3WV1zLVgrlAw8V7CmO7qK/eaYScUD/1ZPQuZ4MPB5n1PQRuqmcbM9zuYg6+DLGHPg4LNOjwkNy2s3nbHztm0TQnAMpHRhG6hUygVSxiS2TGXQsmrd9HunF9DIY76mApRqEzvUzhSk5lSwWaoTKRYCHcGAtQ364DHlTOebzPCJUXq4H0hzfI3n6veJKXhKTTzXdHqgh+q3F4t/ee1I98vOlPthpJlPFw/1I4F1gONYcI9LRrWYGAAqufkrpkOQQLUJL2VC+NoU/w+NQp4U8+c3xUy1uIwjiY7QMTpFBJVQFV2jGqojiu7QA3pCz9a99Wi9WK+L1oS1nDlEP8p6+wTlkZft</latexit>

in short:

�W [v, a] = �Z[v, a]

<latexit sha1_base64="yuMtZMIDrRWGCR2zqBu8ruHGfhI=">AAACDHicdVDLSgMxFM34rPVVdekmWAQXUial2nYhFNy4rGAfOB3KnTRtQzMPkkyhDP0AN/6KGxeKuPUD3Pk3ZtoKKnogcHLOuST3eJHgStv2h7W0vLK6tp7ZyG5ube/s5vb2myqMJWUNGopQtj1QTPCANTTXgrUjycD3BGt5o8vUb42ZVDwMbvQkYq4Pg4D3OQVtpG4u3+kxoQG3nPEpuPgCz+9Jh4LAt9OZalJ2wbZtQghOCSmf24ZUq5UiqWCSWgZ5tEC9m3vv9EIa+yzQVIBSDrEj7SYgNaeCTbOdWLEI6AgGzDE0AJ8pN5ktM8XHRunhfijNCTSeqd8nEvCVmvieSfqgh+q3l4p/eU6s+xU34UEUaxbQ+UP9WGAd4rQZ3OOSUS0mhgCV3PwV0yFIoNr0lzUlfG2K/yfNYoGUCmfXpXyttKgjgw7RETpBBJVRDV2hOmogiu7QA3pCz9a99Wi9WK/z6JK1mDlAP2C9fQIuippt</latexit>

�Z[v, a] ⌘
Z

D[F ]�Z[v, a]eiS[F,v,a]

<latexit sha1_base64="P8PKeQkMe9AyuoRBC4X7nr/8gic="></latexit>

➥

‣ Contains the WIs with the correct anomalous contributions

‣ δ𝒵 contributes to (some) 3,4,5 point functions involving the vector and axial vector currents
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ChPT has to reproduce this:   Wess-Zumino-Witten (WZW) term Z[U,U†, v, a]WZW

<latexit sha1_base64="U1cOLqFRVUPbU2UDp3e8W+gdq04="></latexit>

Z[U 0, U
0†, v0, a0]WZW = Z[U,U†, v, a]WZW + �Z[v, a]

<latexit sha1_base64="NGbCUsZ2HSdzllFD4wRwQrdQPOY="></latexit>

➥

same as in underlying QCD

Expand in pion fields*:

Z[U,U†, v, a]WZW =

Z
d4x

2

15

Nc

⇡2f5
✏µ⌫⇢�tr

�
⇡@µ⇡@⌫⇡@⇢⇡@�⇡

�
+ . . .

<latexit sha1_base64="vvsZ6/MOaefb6J8oIamTxCXNzOQ="></latexit>

5 π-fields, contribution to 

K+K�

<latexit sha1_base64="C3D457+VGVL2cZLnsDoiFpz7Z5c=">AAAB7XicdVDLSgMxFM3UV62vqks3wSIIYpmUattdwY3QTQX7gHZaMmnaxmaSIckIZeg/uHGhiFv/x51/Y6atoKIHLhzOuZd77/FDzrRx3Q8ntbK6tr6R3sxsbe/s7mX3D5paRorQBpFcqraPNeVM0IZhhtN2qCgOfE5b/uQq8Vv3VGkmxa2ZhtQL8EiwISPYWKlZ653Veuf9bM7Nu66LEIIJQaVL15JKpVxAZYgSyyIHlqj3s+/dgSRRQIUhHGvdQW5ovBgrwwins0w30jTEZIJHtGOpwAHVXjy/dgZPrDKAQ6lsCQPn6veJGAdaTwPfdgbYjPVvLxH/8jqRGZa9mIkwMlSQxaJhxKGRMHkdDpiixPCpJZgoZm+FZIwVJsYGlLEhfH0K/yfNQh4V8xc3xVy1uIwjDY7AMTgFCJRAFVyDOmgAAu7AA3gCz450Hp0X53XRmnKWM4fgB5y3T75yjpA=</latexit>

⇡+⇡�⇡0

<latexit sha1_base64="DQ0Y3iSLhqnge6qkEpf9AWc4RTw=">AAAB+HicdVDLSgMxFM3UV62Pjrp0EyyCIJakVNvuCm5cVrAPaMeSSTNtaCYzJBmhln6JGxeKuPVT3Pk3ZtoKKnogl8M593Jvjh8Lrg1CH05mZXVtfSO7mdva3tnNu3v7LR0lirImjUSkOj7RTHDJmoYbwTqxYiT0BWv748vUb98xpXkkb8wkZl5IhpIHnBJjpb6b78X89jQtZ2lBfbeAigghjDFMCa5cIEtqtWoJVyFOLYsCWKLRd997g4gmIZOGCqJ1F6PYeFOiDKeCzXK9RLOY0DEZsq6lkoRMe9P54TN4bJUBDCJlnzRwrn6fmJJQ60no286QmJH+7aXiX143MUHVm3IZJ4ZJulgUJAKaCKYpwAFXjBoxsYRQxe2tkI6IItTYrHI2hK+fwv9Jq1TE5eL5dblQLy/jyIJDcAROAAYVUAdXoAGagIIEPIAn8OzcO4/Oi/O6aM04y5kD8APO2ycVuZKy</latexit>

+

Z
d4x

Nc

3

e2

32⇡2f
✏µ⌫⇢�@µ⇡

0@⌫A⇢A� + . . .

<latexit sha1_base64="fLcxatRINFA0hvAZ6X/KTEMOxt4="></latexit>

contribution to 
⇡0

<latexit sha1_base64="+0JHF4zW/biNA9TDWUaLE4rPSik=">AAAB7HicdVBNS0JBFL3Pvsy+rJZthiRoJTNiqTuhTUuDngpqMm8cdXDevMfMvEDE39CmRRFt+0Ht+jfNU4OKOnDhcM693HtPEEthLMYfXmZtfWNzK7ud29nd2z/IHx41TZRoxn0WyUi3A2q4FIr7VljJ27HmNAwkbwWTq9Rv3XNtRKRu7TTmvZCOlBgKRq2T/G4s7nA/X8BFjDEhBKWEVC6xI7VatUSqiKSWQwFWaPTz791BxJKQK8skNaZDcGx7M6qtYJLPc93E8JiyCR3xjqOKhtz0Zotj5+jMKQM0jLQrZdFC/T4xo6Ex0zBwnSG1Y/PbS8W/vE5ih9XeTKg4sVyx5aJhIpGNUPo5GgjNmZVTRyjTwt2K2JhqyqzLJ+dC+PoU/U+apSIpFy9uyoV6eRVHFk7gFM6BQAXqcA0N8IGBgAd4gmdPeY/ei/e6bM14q5lj+AHv7RO+9o6f</latexit>

��

<latexit sha1_base64="dKB6p+v9B3BmsxAyBv0tpT5L5j0=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4Kkmptt0V3LisYGuhM5RMmmlDk8yQZIQy9DfcuFDErT/jzr8x01ZQ0QP3cjjnXnJzwkRwYxH68Apr6xubW8Xt0s7u3v5B+fCoZ+JUU9alsYh1PySGCa5Y13IrWD/RjMhQsLtwepX7d/dMGx6rWztLWCDJWPGIU2Kd5PtjIiVZ9mG5gqoIIYwxzAluXCJHWq1mDTchzi2HClihMyy/+6OYppIpSwUxZoBRYoOMaMupYPOSnxqWEDolYzZwVBHJTJAtbp7DM6eMYBRrV8rChfp9IyPSmJkM3aQkdmJ+e7n4lzdIbdQMMq6S1DJFlw9FqYA2hnkAcMQ1o1bMHCFUc3crpBOiCbUuppIL4eun8H/Sq1VxvXpxU6+066s4iuAEnIJzgEEDtME16IAuoCABD+AJPHup9+i9eK/L0YK32jkGP+C9fQJcSJHg</latexit>

If a(x) = 0, v(x) = �eQAµ(x)

<latexit sha1_base64="O8ncjiW1LOoR1lm4ImAtHzwDoso="></latexit>

*Full expression e.g. in  
J. Bijnens et. al, hep-ph/9411232

…



Anomalies

Comment:  Anomalies break the chiral WIs in a well-defined way 
➥ ChPT is set up to reproduce this breaking

WZW term has no contribution to 2pt functions

WZW is O(p4) 
 
➥ 

All L2n  in here are invariant under local chiral transformations

9

LChPT = L2 + L4 + LWZW + L6 + L8 + · · ·

<latexit sha1_base64="mKFBnizywBWA7yrTODyzP1fNpBM="></latexit>



Transformation law of the pion fields
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Answer:  There exists the 1-to-1 map

that maps the pion fields onto the coset space G/H ' SU(3)

U(x) = exp


2i

f̃
⇡a(x)T a

�
⇡a(x) dim[f̃ ] = 1

 U(x) transforms extremely simple (linearly) under R,L 2 G

U(x) RU(x)L†G

Question: How do the pion fields transform under G ?

Recall Lecture 1, slide 44:
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Consider Lie groups G and H ⊂ G

SSB  ➞  n = dim G - dim H  NGBs:  πa, a = 1,…, n;  π = ( π1, … , πn)

Applying a transformation g ∈ G 

Mapping φ:  G x M M M: set of pion fields

Properties of φ: '(e,⇡) = ⇡

<latexit sha1_base64="GVSfYJvIj5/FvHcjFxoHy69mm7c=">AAAB/nicdVDLSgMxFM3UV62vUXHlJliEClKSUm27EApuXFawD+iUkkkzbWjmQZIplKHgr7hxoYhbv8Odf2OmraCiBy73cM695Oa4keBKI/RhZVZW19Y3spu5re2d3T17/6ClwlhS1qShCGXHJYoJHrCm5lqwTiQZ8V3B2u74OvXbEyYVD4M7PY1YzyfDgHucEm2kvn3kTIiMRrzAzqET8TN4lba+nUdFhBDGGKYEVy6RIbVatYSrEKeWQR4s0ejb784gpLHPAk0FUaqLUaR7CZGaU8FmOSdWLCJ0TIasa2hAfKZ6yfz8GTw1ygB6oTQVaDhXv28kxFdq6rtm0id6pH57qfiX1421V+0lPIhizQK6eMiLBdQhTLOAAy4Z1WJqCKGSm1shHRFJqDaJ5UwIXz+F/5NWqYjLxYvbcr5eXsaRBcfgBBQABhVQBzegAZqAggQ8gCfwbN1bj9aL9boYzVjLnUPwA9bbJ3K7lHw=</latexit>

1.

'(g1g2,⇡) = '(g1,'(g2,⇡))

<latexit sha1_base64="OySHbkgjbBOqLLOoa7SDynFTmwE="></latexit>

2.

First consider '(g, 0)

<latexit sha1_base64="tqrU0T0wCF02unBZNfozgC5jF9Q=">AAAB9HicdVDLSgMxFM3UV62vqks3wSJUkJKUattdwY3LCvYB7VAyaaYNzWTGJFMoQ7/DjQtF3Pox7vwbM20FFT1w4XDOvdx7jxcJrg1CH05mbX1jcyu7ndvZ3ds/yB8etXUYK8paNBSh6npEM8ElaxluBOtGipHAE6zjTa5TvzNlSvNQ3plZxNyAjCT3OSXGSi7sT4mKxrw4ukDng3wBlRBCGGOYEly9QpbU67UyrkGcWhYFsEJzkH/vD0MaB0waKojWPYwi4yZEGU4Fm+f6sWYRoRMyYj1LJQmYdpPF0XN4ZpUh9ENlSxq4UL9PJCTQehZ4tjMgZqx/e6n4l9eLjV9zEy6j2DBJl4v8WEATwjQBOOSKUSNmlhCquL0V0jFRhBqbU86G8PUp/J+0yyVcKV3eVgqNyiqOLDgBp6AIMKiCBrgBTdACFNyDB/AEnp2p8+i8OK/L1oyzmjkGP+C8fQKJuJFG</latexit>

⇡ = 0

<latexit sha1_base64="5gHgdFwwzjznbqcOeQaKbSqpRZs=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRbBU0lKte1BKHjxWMF+QLuUbJq2odnskmSFUvobvHhQxKs/yJv/xmxbQUUfDDzem2FmXhBLYSzGH15mbX1jcyu7ndvZ3ds/yB8etUyUaMabLJKR7gTUcCkUb1phJe/EmtMwkLwdTK5Tv33PtRGRurPTmPshHSkxFIxaJzV7sbjC/XwBFzHGhBCUElK5xI7UatUSqSKSWg4FWKHRz7/3BhFLQq4sk9SYLsGx9WdUW8Ekn+d6ieExZRM64l1HFQ258WeLY+fozCkDNIy0K2XRQv0+MaOhMdMwcJ0htWPz20vFv7xuYodVfyZUnFiu2HLRMJHIRij9HA2E5szKqSOUaeFuRWxMNWXW5ZNzIXx9iv4nrVKRlIsXt+VCvbyKIwsncArnQKACdbiBBjSBgYAHeIJnT3mP3ov3umzNeKuZY/gB7+0TjNGOfg==</latexit>

is the “ground state configuration”

Using 1. & 2. we can show:

'(h1h2, 0) = '(h1,'(h2, 0)) = '(h1, 0) = 0

<latexit sha1_base64="MVdEFTXO29kmfjxKMuCRJrJQfMo=">AAACLHicdVBLS0JBGJ1rL7OX1bLNkAQGIjNiqYtAcNPSIDVQucwdR+/g3AczcwURf1Cb/koQLZJo2+9orhqZ1IGBwznn45vvOKHgSiM0sxIbm1vbO8nd1N7+weFR+vikqYJIUtaggQjkg0MUE9xnDc21YA+hZMRzBGs5w1rst0ZMKh7493ocsq5HBj7vc0q0kex0rTMiMnR51rWxaxdy6BLewBUt98Njc92N48hOZ1AeIYQxhjHBpWtkSKVSLuAyxLFlkAFL1O30S6cX0MhjvqaCKNXGKNTdCZGaU8GmqU6kWEjokAxY21CfeEx1J/Njp/DCKD3YD6R5voZzdXViQjylxp5jkh7Rrlr3YvEvrx3pfrk74X4YaebTxaJ+JKAOYNwc7HHJqBZjQwiV3PwVUpdIQrXpN2VK+L4U/k+ahTwu5q/uiplqcVlHEpyBc5AFGJRAFdyCOmgACh7BM3gDM+vJerXerY9FNGEtZ07BL1ifX2ZJo/Y=</latexit>

e.g.

g
⇡

<latexit sha1_base64="qch3JcT/Hm3O4MnxTtCtIcHxWGs=">AAAB63icdVBNSwMxEJ2tX7V+VT16CRbBU0lKte2t4MVjBVsL7VKyadqGJrtLkhXK0r/gxYMiXv1D3vw3ZtsKKvpg4PHeDDPzglgKYzH+8HJr6xubW/ntws7u3v5B8fCoY6JEM95mkYx0N6CGSxHythVW8m6sOVWB5HfB9Crz7+65NiIKb+0s5r6i41CMBKM2k1A/FoNiCZcxxoQQlBFSu8SONBr1CqkjklkOJVihNSi+94cRSxQPLZPUmB7BsfVTqq1gks8L/cTwmLIpHfOeoyFV3Pjp4tY5OnPKEI0i7Sq0aKF+n0ipMmamAtepqJ2Y314m/uX1Ejuq+6kI48TykC0XjRKJbISyx9FQaM6snDlCmRbuVsQmVFNmXTwFF8LXp+h/0qmUSbV8cVMtNaurOPJwAqdwDgRq0IRraEEbGEzgAZ7g2VPeo/fivS5bc95q5hh+wHv7BPDdjic=</latexit>

⇡0 = '(g,⇡)

<latexit sha1_base64="1+EJ36J8edaHJcz+z9uKaW8GUoE=">AAAB/XicdVDLSgMxFM3UV62v8bFzEyxiBSmTUm27EApuXFawD+gMJZNm2tDMgyRTqEPxV9y4UMSt/+HOvzHTVlDRAxdOzrmX3HvciDOpLOvDyCwtr6yuZddzG5tb2zvm7l5LhrEgtElCHoqOiyXlLKBNxRSnnUhQ7Luctt3RVeq3x1RIFga3ahJRx8eDgHmMYKWlnnlgR+zkEtpjLKIhKwzO9Pu0Z+atomVZCCGYElS5sDSp1aolVIUotTTyYIFGz3y3+yGJfRoowrGUXWRFykmwUIxwOs3ZsaQRJiM8oF1NA+xT6SSz7afwWCt96IVCV6DgTP0+kWBfyonv6k4fq6H87aXiX143Vl7VSVgQxYoGZP6RF3OoQphGAftMUKL4RBNMBNO7QjLEAhOlA8vpEL4uhf+TVqmIysXzm3K+Xl7EkQWH4AgUAAIVUAfXoAGagIA78ACewLNxbzwaL8brvDVjLGb2wQ8Yb58iR5Rb</latexit>

a) Elements h with                     form a subgroup H ⊂ G'(h, 0) = 0

<latexit sha1_base64="3dgyH3gdFCQehEUdu2uivrhzENo=">AAAB9XicdVDLSgMxFM3UV62vqks3wSJUkJKUatuFUHDjsoJ9QDuWTJrphGYeJJlKGfofblwo4tZ/ceffmGkrqOiBC4dz7uXee5xIcKUR+rAyK6tr6xvZzdzW9s7uXn7/oK3CWFLWoqEIZdchigkesJbmWrBuJBnxHcE6zvgq9TsTJhUPg1s9jZjtk1HAXU6JNtJdf0Jk5PGid4ZOL9EgX0AlhBDGGKYEVy+QIfV6rYxrEKeWQQEs0Rzk3/vDkMY+CzQVRKkeRpG2EyI1p4LNcv1YsYjQMRmxnqEB8Zmyk/nVM3hilCF0Q2kq0HCufp9IiK/U1HdMp0+0p357qfiX14u1W7MTHkSxZgFdLHJjAXUI0wjgkEtGtZgaQqjk5lZIPSIJ1SaonAnh61P4P2mXS7hSOr+pFBqVZRxZcASOQRFgUAUNcA2aoAUokOABPIFn6956tF6s10VrxlrOHIIfsN4+ASuxkZ4=</latexit>
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b) the function φ(g,0) is a function on the coset space G/H: 

a) implies that we can decompose the group in cosets, coset space = G/H

g1,g2 are in the same coset if  g1 =  g2 h , h ∈ H   

'(gh, 0) = '(g,'(h, 0)) = '(g, 0)

<latexit sha1_base64="XCzxnPU2VPpyrPtDvkThc9eCpWQ=">AAACH3icdZDJakIxFIZz7WTtdNsuuwmVgoJIItZhURC66dJCHUBFcmPUYO5AkiuI+Cbd9FW66aKllO58m+Y6lFraA4Ev/38OyfmdQHClEZpbsa3tnd29+H7i4PDo+MQ+PasrP5SU1agvfNl0iGKCe6ymuRasGUhGXEewhjO6jfzGmEnFfe9BTwLWccnA431OiTZS1y60x0QGQ54aDDMoDW/g9z2zpsjYdFC6aydRFiGEMYYR4GIBGSiXSzlcgjiyTCXBqqpd+7Pd82noMk9TQZRqYRTozpRIzalgs0Q7VCwgdEQGrGXQIy5Tnelivxm8MkoP9n1pjqfhQv05MSWuUhPXMZ0u0UP124vEv7xWqPulzpR7QaiZR5cP9UMBtQ+jsGCPS0a1mBggVHLzV0iHRBKqTaQJE8J6U/g/1HNZnM9e3+eTlfwqjji4AJcgBTAoggq4A1VQAxQ8gmfwCt6sJ+vFerc+lq0xazVzDjbKmn8BbPKgEg==</latexit>

∀ h ∈ H ∀ g ∈ G 

⇒ the map φ0(g) ≡ φ(g,0)  defines a map from the coset space into the set of π fields

φ0 :  G/H M

c) The map φ0  is invertible:  Suppose '0(g1) = '0(g2)

<latexit sha1_base64="s+xbx5eMLZAYZIbstHEPcH4zhWo=">AAACBnicdVDLSgMxFM3UV62vqksRgkVoNyUp1bYLoeDGZQX7gHYYMmmmDc08SDKFUrpy46+4caGIW7/BnX9jpq1QRQ9cODnnXnLvcSPBlUbo00qtrW9sbqW3Mzu7e/sH2cOjlgpjSVmThiKUHZcoJnjAmpprwTqRZMR3BWu7o+vEb4+ZVDwM7vQkYrZPBgH3OCXaSE72tDcmMhpyB+UHDi5crT5LBSebQ0WEEMYYJgRXLpEhtVq1hKsQJ5ZBDizRcLIfvX5IY58FmgqiVBejSNtTIjWngs0yvVixiNARGbCuoQHxmbKn8zNm8NwofeiF0lSg4VxdnZgSX6mJ75pOn+ih+u0l4l9eN9Ze1Z7yIIo1C+jiIy8WUIcwyQT2uWRUi4khhEpudoV0SCSh2iSXMSF8Xwr/J61SEZeLF7flXL28jCMNTsAZyAMMKqAObkADNAEF9+ARPIMX68F6sl6tt0VrylrOHIMfsN6/AE0Sl7U=</latexit>

⇒ the map φ0(g) defines a 1-1-map

⇒

⇒ 0 = '(g�1
1 g1, 0) = '0(g

�1
1 ,'(g1, 0)) = '0(g

�1
1 ,'(g2, 0)) = '(g�1

1 g2, 0)

<latexit sha1_base64="9K5XAjDS4qZS74TE5unUU8oIEhc="></latexit>

∈ Hg�1
1 g2

<latexit sha1_base64="wn1FQJgpeMLN833y0qeY8ZewGcM=">AAAB83icdVDLSgMxFM34rPVVdekmWAQ3lqRU2+4KblxWsA9oxyGTZqahmcyQZIQy9DfcuFDErT/jzr8x01ZQ0QMXDufcy733+Ing2iD04aysrq1vbBa2its7u3v7pYPDro5TRVmHxiJWfZ9oJrhkHcONYP1EMRL5gvX8yVXu9+6Z0jyWt2aaMDcioeQBp8RYaRh6+C47x7PQq0KvVEYVhBDGGOYE1y+RJc1mo4obEOeWRRks0fZK78NRTNOISUMF0XqAUWLcjCjDqWCz4jDVLCF0QkI2sFSSiGk3m988g6dWGcEgVrakgXP1+0RGIq2nkW87I2LG+reXi395g9QEDTfjMkkNk3SxKEgFNDHMA4Ajrhg1YmoJoYrbWyEdE0WosTEVbQhfn8L/SbdawbXKxU2t3Kot4yiAY3ACzgAGddAC16ANOoCCBDyAJ/DspM6j8+K8LlpXnOXMEfgB5+0T3CWQ5Q==</latexit>

g1, g2 are in the same cosetg2 = g1h

<latexit sha1_base64="e+GB7/oYpTrVXM/NG3Vwr/vjbVU=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4Kkmptl0IBTcuK9gHtMOQSTPT0ExmSDJCGfobblwo4tafceffmGkrqOiBC4dz7uXee/xEcG0Q+nAKa+sbm1vF7dLO7t7+QfnwqKfjVFHWpbGI1cAnmgkuWddwI9ggUYxEvmB9f3qd+/17pjSP5Z2ZJcyNSCh5wCkxVhqFXg1ewdDDcAK9cgVVEUIYY5gT3LhElrRazRpuQpxbFhWwQscrv4/GMU0jJg0VROshRolxM6IMp4LNS6NUs4TQKQnZ0FJJIqbdbHHzHJ5ZZQyDWNmSBi7U7xMZibSeRb7tjIiZ6N9eLv7lDVMTNN2MyyQ1TNLloiAV0MQwDwCOuWLUiJklhCpub4V0QhShxsZUsiF8fQr/J71aFderF7f1Sru+iqMITsApOAcYNEAb3IAO6AIKEvAAnsCzkzqPzovzumwtOKuZY/ADztsnzp+QNg==</latexit>
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a), b), c) ⇒ the map φ0(g) defines a 1-1-map from the coset space into the set of π fields

‣ to each π there exist a unique f in G/H

‣ the pion fields are the “coordinates” of the manifold G/H

Act with g ∈ G
g

⇡

<latexit sha1_base64="qch3JcT/Hm3O4MnxTtCtIcHxWGs=">AAAB63icdVBNSwMxEJ2tX7V+VT16CRbBU0lKte2t4MVjBVsL7VKyadqGJrtLkhXK0r/gxYMiXv1D3vw3ZtsKKvpg4PHeDDPzglgKYzH+8HJr6xubW/ntws7u3v5B8fCoY6JEM95mkYx0N6CGSxHythVW8m6sOVWB5HfB9Crz7+65NiIKb+0s5r6i41CMBKM2k1A/FoNiCZcxxoQQlBFSu8SONBr1CqkjklkOJVihNSi+94cRSxQPLZPUmB7BsfVTqq1gks8L/cTwmLIpHfOeoyFV3Pjp4tY5OnPKEI0i7Sq0aKF+n0ipMmamAtepqJ2Y314m/uX1Ejuq+6kI48TykC0XjRKJbISyx9FQaM6snDlCmRbuVsQmVFNmXTwFF8LXp+h/0qmUSbV8cVMtNaurOPJwAqdwDgRq0IRraEEbGEzgAZ7g2VPeo/fivS5bc95q5hh+wHv7BPDdjic=</latexit>

⇡0 = '(g,⇡)

<latexit sha1_base64="1+EJ36J8edaHJcz+z9uKaW8GUoE=">AAAB/XicdVDLSgMxFM3UV62v8bFzEyxiBSmTUm27EApuXFawD+gMJZNm2tDMgyRTqEPxV9y4UMSt/+HOvzHTVlDRAxdOzrmX3HvciDOpLOvDyCwtr6yuZddzG5tb2zvm7l5LhrEgtElCHoqOiyXlLKBNxRSnnUhQ7Luctt3RVeq3x1RIFga3ahJRx8eDgHmMYKWlnnlgR+zkEtpjLKIhKwzO9Pu0Z+atomVZCCGYElS5sDSp1aolVIUotTTyYIFGz3y3+yGJfRoowrGUXWRFykmwUIxwOs3ZsaQRJiM8oF1NA+xT6SSz7afwWCt96IVCV6DgTP0+kWBfyonv6k4fq6H87aXiX143Vl7VSVgQxYoGZP6RF3OoQphGAftMUKL4RBNMBNO7QjLEAhOlA8vpEL4uhf+TVqmIysXzm3K+Xl7EkQWH4AgUAAIVUAfXoAGagIA78ACewLNxbzwaL8brvDVjLGb2wQ8Yb58iR5Rb</latexit>

= '(g,'(f, 0)) = '(gf, 0) = '(f 0, 0)

<latexit sha1_base64="HpTzZ0L/bT5lWPkcsQZLIKNrljI="></latexit>

To get π’ we “simply” need the coset of  g f = f ’

g
⇡

<latexit sha1_base64="qch3JcT/Hm3O4MnxTtCtIcHxWGs=">AAAB63icdVBNSwMxEJ2tX7V+VT16CRbBU0lKte2t4MVjBVsL7VKyadqGJrtLkhXK0r/gxYMiXv1D3vw3ZtsKKvpg4PHeDDPzglgKYzH+8HJr6xubW/ntws7u3v5B8fCoY6JEM95mkYx0N6CGSxHythVW8m6sOVWB5HfB9Crz7+65NiIKb+0s5r6i41CMBKM2k1A/FoNiCZcxxoQQlBFSu8SONBr1CqkjklkOJVihNSi+94cRSxQPLZPUmB7BsfVTqq1gks8L/cTwmLIpHfOeoyFV3Pjp4tY5OnPKEI0i7Sq0aKF+n0ipMmamAtepqJ2Y314m/uX1Ejuq+6kI48TykC0XjRKJbISyx9FQaM6snDlCmRbuVsQmVFNmXTwFF8LXp+h/0qmUSbV8cVMtNaurOPJwAqdwDgRq0IRraEEbGEzgAZ7g2VPeo/fivS5bc95q5hh+wHv7BPDdjic=</latexit>

⇡0

<latexit sha1_base64="UAslBNn5RyQfmRDD06PIIQHqUpE=">AAAB63icdVDLSgMxFM3UV62vqks3wSK6Kkmptt0V3LisYB/QDiWTZtrQJDMkGaEM/QU3LhRx6w+582/MtBVU9MCFwzn3cu89QSy4sQh9eLm19Y3Nrfx2YWd3b/+geHjUMVGiKWvTSES6FxDDBFesbbkVrBdrRmQgWDeYXmd+955pwyN1Z2cx8yUZKx5ySmwmDWJ+PiyWUBkhhDGGGcG1K+RIo1Gv4DrEmeVQAiu0hsX3wSiiiWTKUkGM6WMUWz8l2nIq2LwwSAyLCZ2SMes7qohkxk8Xt87hmVNGMIy0K2XhQv0+kRJpzEwGrlMSOzG/vUz8y+snNqz7KVdxYpmiy0VhIqCNYPY4HHHNqBUzRwjV3N0K6YRoQq2Lp+BC+PoU/k86lTKuli9vq6VmdRVHHpyAU3ABMKiBJrgBLdAGFEzAA3gCz570Hr0X73XZmvNWM8fgB7y3T/xOji4=</latexit>

g
f

<latexit sha1_base64="vRk4/WWdftIAgD2+AqCMcMEopVA=">AAAB6HicdVBNS0JBFJ1nX2ZfVss2QxK0khmx1J3QpqVCmqAPmTfep5PzPpiZF8jDX9CmRRFt+0nt+jfNU4OKOnDhcM693HuPF0uhDSEfTm5tfWNzK79d2Nnd2z8oHh51dZQoDh0eyUj1PKZBihA6RhgJvVgBCzwJt970KvNv70FpEYU3ZhaDG7BxKHzBmbFS2x8WS6RMCKGU4ozQ2iWxpNGoV2gd08yyKKEVWsPi+2AU8SSA0HDJtO5TEhs3ZcoILmFeGCQaYsanbAx9S0MWgHbTxaFzfGaVEfYjZSs0eKF+n0hZoPUs8GxnwMxE//Yy8S+vnxi/7qYijBMDIV8u8hOJTYSzr/FIKOBGzixhXAl7K+YTphg3NpuCDeHrU/w/6VbKtFq+aFdLzeoqjjw6QafoHFFUQ010jVqogzgC9ICe0LNz5zw6L87rsjXnrGaO0Q84b58WWI0a</latexit>

f 0

<latexit sha1_base64="0+XZW6dEE8aJwHAw3FvecqUQFYE=">AAAB6XicdVDLSgNBEOz1GeMr6tHLYBA9hZkQTXILePEYxTwgWcLsZDYZMvtgZlYIS/7AiwdFvPpH3vwbZ5MIKlrQUFR1093lxVJog/GHs7K6tr6xmdvKb+/s7u0XDg7bOkoU4y0WyUh1Paq5FCFvGWEk78aK08CTvONNrjK/c8+VFlF4Z6YxdwM6CoUvGDVWuvXPBoUiLmGMCSEoI6R6iS2p12tlUkMksyyKsERzUHjvDyOWBDw0TFKtewTHxk2pMoJJPsv3E81jyiZ0xHuWhjTg2k3nl87QqVWGyI+UrdCgufp9IqWB1tPAs50BNWP928vEv7xeYvyam4owTgwP2WKRn0hkIpS9jYZCcWbk1BLKlLC3IjamijJjw8nbEL4+Rf+TdrlEKqWLm0qxUVnGkYNjOIFzIFCFBlxDE1rAwIcHeIJnZ+I8Oi/O66J1xVnOHMEPOG+fdr6NSw==</latexit>

'0

<latexit sha1_base64="zZEyGlTdOpz8t6hVfZ1tGOPTlKU=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI8BLx4jmIckS5idzCZD5rHMzAbCkq/w4kERr36ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj09aRqWa0CZRXOlOhA3lTNKmZZbTTqIpFhGn7Wh8N/fbE6oNU/LRThMaCjyULGYEWyc99SZYJyPW9/vlil/1F0DrJMhJBXI0+uWv3kCRVFBpCcfGdAM/sWGGtWWE01mplxqaYDLGQ9p1VGJBTZgtDp6hC6cMUKy0K2nRQv09kWFhzFRErlNgOzKr3lz8z+umNr4NMyaT1FJJlovilCOr0Px7NGCaEsunjmCimbsVkRHWmFiXUcmFEKy+vE5aV9WgVr1+qFXqtTyOIpzBOVxCADdQh3toQBMICHiGV3jztPfivXsfy9aCl8+cwh94nz+ihJBD</latexit>

'0

<latexit sha1_base64="zZEyGlTdOpz8t6hVfZ1tGOPTlKU=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI8BLx4jmIckS5idzCZD5rHMzAbCkq/w4kERr36ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj09aRqWa0CZRXOlOhA3lTNKmZZbTTqIpFhGn7Wh8N/fbE6oNU/LRThMaCjyULGYEWyc99SZYJyPW9/vlil/1F0DrJMhJBXI0+uWv3kCRVFBpCcfGdAM/sWGGtWWE01mplxqaYDLGQ9p1VGJBTZgtDp6hC6cMUKy0K2nRQv09kWFhzFRErlNgOzKr3lz8z+umNr4NMyaT1FJJlovilCOr0Px7NGCaEsunjmCimbsVkRHWmFiXUcmFEKy+vE5aV9WgVr1+qFXqtTyOIpzBOVxCADdQh3toQBMICHiGV3jztPfivXsfy9aCl8+cwh94nz+ihJBD</latexit>

Transformation of the pion fields:  Consider ⇡ = '0(f) = '(f, 0)

<latexit sha1_base64="kfe9BlFrrwEiNX4ZhC/01VypAyE=">AAACCHicdVDLSgMxFM34rPVVdenCYBFakJKUatuFUHDjsoJ9QGcomTTThmYeJJlCKV268VfcuFDErZ/gzr8x01ZR0QMXTs65l9x73EhwpRF6t5aWV1bX1lMb6c2t7Z3dzN5+U4WxpKxBQxHKtksUEzxgDc21YO1IMuK7grXc4WXit0ZMKh4GN3ocMccn/YB7nBJtpG7myI74BbRHREYD3kU5L//1ynmnKN/NZFEBIYQxhgnB5XNkSLVaKeIKxIllkAUL1LuZN7sX0thngaaCKNXBKNLOhEjNqWDTtB0rFhE6JH3WMTQgPlPOZHbIFJ4YpQe9UJoKNJyp3ycmxFdq7Lum0yd6oH57ifiX14m1V3EmPIhizQI6/8iLBdQhTFKBPS4Z1WJsCKGSm10hHRBJqDbZpU0In5fC/0mzWMClwtl1KVsrLeJIgUNwDHIAgzKogStQBw1AwS24B4/gybqzHqxn62XeumQtZg7AD1ivHzHrmCU=</latexit>



Transformation law for the pion field

15

Be specific for QCD: G = SU(3)R ⊗ SU(3)L

H = SU(3)V V:  R = L

G/H  ≃  SU(3)⇒ U = exp

✓
2i

f
⇡aT a

◆

<latexit sha1_base64="2f5boZPW7WXu6bOSDuHACOh7JgI="></latexit>

g = (R,L)

<latexit sha1_base64="xKMtJ8QgPqr6ua5OEcZo+5TyT0o=">AAAB7nicdVDLSgMxFM34rPVVdekmWIQKUpJSbbsQCm5cuKhiH9AOJZNm2tBMZkgyQhn6EW5cKOLW73Hn35hpK6jogQuHc+7l3nu8SHBtEPpwlpZXVtfWMxvZza3tnd3c3n5Lh7GirElDEaqORzQTXLKm4UawTqQYCTzB2t74MvXb90xpHso7M4mYG5Ch5D6nxFipPbwo3J5en/RzeVRECGGMYUpw5RxZUqtVS7gKcWpZ5MECjX7uvTcIaRwwaaggWncxioybEGU4FWya7cWaRYSOyZB1LZUkYNpNZudO4bFVBtAPlS1p4Ez9PpGQQOtJ4NnOgJiR/u2l4l9eNzZ+1U24jGLDJJ0v8mMBTQjT3+GAK0aNmFhCqOL2VkhHRBFqbEJZG8LXp/B/0ioVcbl4dlPO18uLODLgEByBAsCgAurgCjRAE1AwBg/gCTw7kfPovDiv89YlZzFzAH7AefsEBLSOrw==</latexit>

U = RL�1

<latexit sha1_base64="FOtemwnMTZgdelFL13cvVi5G7PY=">AAAB8HicdVBNSwMxEM3Wr1q/qh69BIvgxZKUatuDUPDiwUMVt1XatWTTtA3NZpckK5Slv8KLB0W8+nO8+W/MthVU9MHA470ZZub5keDaIPThZBYWl5ZXsqu5tfWNza389k5Th7GizKWhCNWNTzQTXDLXcCPYTaQYCXzBWv7oLPVb90xpHsprM46YF5CB5H1OibHSrXt6dXGXHOFJN19ARYQQxhimBFdOkCW1WrWEqxCnlkUBzNHo5t87vZDGAZOGCqJ1G6PIeAlRhlPBJrlOrFlE6IgMWNtSSQKmvWR68AQeWKUH+6GyJQ2cqt8nEhJoPQ582xkQM9S/vVT8y2vHpl/1Ei6j2DBJZ4v6sYAmhOn3sMcVo0aMLSFUcXsrpEOiCDU2o5wN4etT+D9ploq4XDy+LBfq5XkcWbAH9sEhwKAC6uAcNIALKAjAA3gCz45yHp0X53XWmnHmM7vgB5y3TxAij+g=</latexit>

∈ G/H

Ũ = RV (LV )�1 = RV V �1L�1 = U

<latexit sha1_base64="aPguoJblN+I0Q/fclGEmZ50JWu0="></latexit>

g̃ = gh = (RV,LV )

<latexit sha1_base64="76poZpy99ZanHz2C7WXaUDHSM9Q=">AAAB/3icdVDLSgMxFM34rPU1KrhxEyxCBSlJqbZdFApuXLioYh/QDiWTpm1o5kGSEcrYhb/ixoUibv0Nd/6NmbaCih64cDjnXu69xw0FVxqhD2thcWl5ZTW1ll7f2Nzatnd2GyqIJGV1GohAtlyimOA+q2uuBWuFkhHPFazpjs4Tv3nLpOKBf6PHIXM8MvB5n1OijdS19zuaix6LB5PKYAgrMHvdOLlsHHftDMohhDDGMCG4eIYMKZdLeVyCOLEMMmCOWtd+7/QCGnnM11QQpdoYhdqJidScCjZJdyLFQkJHZMDahvrEY8qJp/dP4JFRerAfSFO+hlP1+0RMPKXGnms6PaKH6reXiH957Uj3S07M/TDSzKezRf1IQB3AJAzY45JRLcaGECq5uRXSIZGEahNZ2oTw9Sn8nzTyOVzInV4VMtXCPI4UOACHIAswKIIquAA1UAcU3IEH8ASerXvr0XqxXmetC9Z8Zg/8gPX2CRoklNQ=</latexit>

The transformation law of the pion fields is non-linear and more complicated

Trafo of U under some ḡ

<latexit sha1_base64="VYaDZ7hBXtf4eZKIIakzwVbKEvY=">AAAB7nicdVBNSwMxEJ31s9avqkcvwSJ4Kkmptr0VvHisYD+gXUo2TdvQbHZJskJZ+iO8eFDEq7/Hm//GbFtBRR8MPN6bYWZeEEthLMYf3tr6xubWdm4nv7u3f3BYODpumyjRjLdYJCPdDajhUijessJK3o01p2EgeSeYXmd+555rIyJ1Z2cx90M6VmIkGLVO6vQDqtPxfFAo4hLGmBCCMkKqV9iRer1WJjVEMsuhCCs0B4X3/jBiSciVZZIa0yM4tn5KtRVM8nm+nxgeUzalY95zVNGQGz9dnDtH504ZolGkXSmLFur3iZSGxszCwHWG1E7Mby8T//J6iR3V/FSoOLFcseWiUSKRjVD2OxoKzZmVM0co08LditiEasqsSyjvQvj6FP1P2uUSqZQubyvFRmUVRw5O4QwugEAVGnADTWgBgyk8wBM8e7H36L14r8vWNW81cwI/4L19AtV7j+A=</latexit>

linear transformation law 

g0 = ḡg = (R̄R, L̄L)

<latexit sha1_base64="1ABa2c0Do5gBDoy2v/o8uVRCtKw="></latexit>

U 0 = R̄UL̄�1

<latexit sha1_base64="3TvsOfYW0Rm73gvGXNU+boR5YHM=">AAACAXicdZDLSgMxFIYz9VbrbdSN4CZYRDeWSam2XQgFNy5cVHHaQjuWTJq2oZkLSUYow7jxVdy4UMStb+HOtzHTVlDRA4GP/z+Hk/O7IWdSWdaHkZmbX1hcyi7nVlbX1jfMza2GDCJBqE0CHoiWiyXlzKe2YorTVigo9lxOm+7oLPWbt1RIFvjXahxSx8MDn/UZwUpLXXPHPjjtuFjEV4kNJ3CR3MRHKOmaeatgWRZCCKaAyieWhmq1UkQViFJLVx7Mqt413zu9gEQe9RXhWMo2skLlxFgoRjhNcp1I0hCTER7QtkYfe1Q68eSCBO5rpQf7gdDPV3Cifp+IsSfl2HN1p4fVUP72UvEvrx2pfsWJmR9GivpkuqgfcagCmMYBe0xQovhYAyaC6b9CMsQCE6VDy+kQvi6F/0OjWEClwvFlKV8rzeLIgl2wBw4BAmVQA+egDmxAwB14AE/g2bg3Ho0X43XamjFmM9vgRxlvn6UCll0=</latexit>

⇒



Finite volume ChPT



something before …

17

Lattice QCD is formulated on euclidean space time

➥ continuum limit yields euclidean QCD 
➥ corresponding low-energy effective theory is euclidean ChPT 

Leucl
2 =

f2

4
tr[@µU@µU

†]� f2B

2
tr[M(U + U†]

<latexit sha1_base64="lkjk0pKdf/YtgMrhE+10C3g9SUc="></latexit>

cp. with Lect 2, slide 23

‣ O(4) invariance

‣ opposite sign of mass term

‣ Pion propagator:

Modifications compared to Minkowski spacetime

➥

GE(x� y) =

Z
d4p

(2⇡)4
1

p2 +M2
⇡

eip(x�y)

<latexit sha1_base64="prQ6dpLfX38BobA7yE83yqCrUBI="></latexit>



Finite volume ChPT

Lightest particles “feel” the FV first:  lcorr  = 1/ Mparticle 
➥ QCD:  Dominant FV effect due to the pions (less from the kaons)

FV effect is expected to be small if  lcorr  / L  is small , i.e. if  Mπ L large 
➥  Relevant measure is expected to be Mπ L  

18

Consider QCD on a torus with V = L4 and periodic/antiperiodic boundary conditions

➥  What is the effect of the finite volume on correlation functions and observables?

Physical intuition (start from large or infinite volume and make it smaller)

Questions: ‣ How big are the FV corrections for a given Mπ L ?

‣ How rapidly is the infinite volume limit approached ?

Because the pions cause the dominant FV corrections  
ChPT can answer these questions



Finite volume ChPT

19

Note:  A 4-dimensional torus breaks Lorentz symmetry

Key results: ‣ The chiral Lagrangian in FV is the same as in infinite volume 
the LECs do not depend on the FV

Sketch of the argument: 

Consider finite temperature QFT: L4 =
1

T

<latexit sha1_base64="z6YEwg07J0gNkLHSM311/4zCBAI=">AAAB+XicdVDLSsNAFJ34rPUVdelmsAiuSqZU2y6EghsXLir0BW0Ik+mkHTqZhJlJoYT8iRsXirj1T9z5N07aCip64MLhnHu59x4/5kxpx/mw1tY3Nre2CzvF3b39g0P76LirokQS2iERj2Tfx4pyJmhHM81pP5YUhz6nPX96k/u9GZWKRaKt5zF1QzwWLGAEayN5tn3nVa/hMJCYpChL25lnl5yy4zgIIZgTVLtyDGk06hVUhyi3DEpghZZnvw9HEUlCKjThWKkBcmLtplhqRjjNisNE0RiTKR7TgaECh1S56eLyDJ4bZQSDSJoSGi7U7xMpDpWah77pDLGeqN9eLv7lDRId1N2UiTjRVJDloiDhUEcwjwGOmKRE87khmEhmboVkgk0K2oRVNCF8fQr/J91KGVXLl/fVUrO6iqMATsEZuAAI1EAT3IIW6AACZuABPIFnK7UerRfrddm6Zq1mTsAPWG+f2KWTJA==</latexit>

+    boundary conditions for the fields

but the same Lagrangian with T independent parameters

For spatial finite volume invoke hypercubic symmetry: same Lagrangian with  
L independent parameters

⇒ Finite volume effects stem from the pion propagator only

J. Gasser, H. Leutwyler;  
Nucl. Phys B 307 (1999) 763



FV pion propagator

20

The periodic boundary conditions imply

GL(x� y) = GL(x� y + nµLµ)

<latexit sha1_base64="owrwciBQSRzPCb2E4977LEvHmAc="></latexit>

nµ 2 Z4

<latexit sha1_base64="iF1E3D2hFa67McbEDdkLTyFCf/c=">AAACAHicdVDLSsNAFJ34rPUVdeHCzWARXJVMibbdFdy4rGAf2MQymU7boZNJmJkIJWTjr7hxoYhbP8Odf+OkraCiBy4czrmXe+8JYs6UdpwPa2l5ZXVtvbBR3Nza3tm19/bbKkokoS0S8Uh2A6woZ4K2NNOcdmNJcRhw2gkmF7nfuaNSsUhc62lM/RCPBBsygrWR+vah6KdemGQeE9ALsR4HQXqT3bp9u+SUHcdBCMGcoOq5Y0i9XqugGkS5ZVACCzT79rs3iEgSUqEJx0r1kBNrP8VSM8JpVvQSRWNMJnhEe4YKHFLlp7MHMnhilAEcRtKU0HCmfp9IcajUNAxMZ36j+u3l4l9eL9HDmp8yESeaCjJfNEw41BHM04ADJinRfGoIJpKZWyEZY4mJNpkVTQhfn8L/SbtSRm757MotNdxFHAVwBI7BKUCgChrgEjRBCxCQgQfwBJ6te+vRerFe561L1mLmAPyA9fYJMqeWxQ==</latexit>

➥  solution GL(x� y) =
X

nµ

G1(x� y + nµLµ)

<latexit sha1_base64="k7ecqqnMtgyZf1vPtNfAwAemVj8="></latexit>

Fourier transform:  Momenta are discrete pµ =
2⇡

L
nµ

<latexit sha1_base64="+KhK+HsjUtpW5JgQ3DHrye+kO+A=">AAACCXicdVDLSsNAFJ34rPUVdelmsAiuSqZU2y6EghsXLirYBzShTKaTduhkEmYmQgnZuvFX3LhQxK1/4M6/cdJWUNEDFw7n3Mu99/gxZ0o7zoe1tLyyurZe2Chubm3v7Np7+x0VJZLQNol4JHs+VpQzQduaaU57saQ49Dnt+pOL3O/eUqlYJG70NKZeiEeCBYxgbaSBDeNB6oZJBs+hG0hM0oobsyy9yqCYGwO75JQdx0EIwZyg2pljSKNRr6A6RLllUAILtAb2uzuMSBJSoQnHSvWRE2svxVIzwmlWdBNFY0wmeET7hgocUuWls08yeGyUIQwiaUpoOFO/T6Q4VGoa+qYzxHqsfnu5+JfXT3RQ91Im4kRTQeaLgoRDHcE8FjhkkhLNp4ZgIpm5FZIxNoFoE17RhPD1KfyfdCplVC2fXldLzeoijgI4BEfgBCBQA01wCVqgDQi4Aw/gCTxb99aj9WK9zluXrMXMAfgB6+0TvJ2aWw==</latexit>

Feynman rules for the vertices are the same as in infinite volume

cp. with slide 17GL(x� y) =
1

L1L2L3L4

X

p

eip(x�y)

p2 +M2
⇡

<latexit sha1_base64="d+x+A0/6cwHL0VdQowPJYxd0zTw="></latexit>



Example: FV correction to the pion mass

21

Simplifications ‣ SU(2) ChPT,   mu = md = m,   tree level pion mass:

‣ L4 = ∞,   L1 = L2 = L3 = L     (finite spatial volume)
M2

0 = 2Bm

<latexit sha1_base64="0NuSpUU4N+7btdvb8TrtQ9BMQNc=">AAAB8HicdVDLSgMxFM3UV62vqks3wSK4Kkmptl0IRTduhAr2Ie1YMmmmDU1mhiQjlKFf4caFIm79HHf+jZm2gooeuHA4517uvceLBNcGoQ8ns7S8srqWXc9tbG5t7+R391o6jBVlTRqKUHU8opngAWsabgTrRIoR6QnW9sYXqd++Z0rzMLgxk4i5kgwD7nNKjJVur/rornRWOpf9fAEVEUIYY5gSXDlFltRq1RKuQpxaFgWwQKOff+8NQhpLFhgqiNZdjCLjJkQZTgWb5nqxZhGhYzJkXUsDIpl2k9nBU3hklQH0Q2UrMHCmfp9IiNR6Ij3bKYkZ6d9eKv7ldWPjV92EB1FsWEDni/xYQBPC9Hs44IpRIyaWEKq4vRXSEVGEGptRzobw9Sn8n7RKRVwunlyXC/XyIo4sOACH4BhgUAF1cAkaoAkokOABPIFnRzmPzovzOm/NOIuZffADztsnhpiPjg==</latexit>

GL(x� y) =
X

nk

G1(x� y + nkLk)

<latexit sha1_base64="RGL2O/v+KeqMzbok0kJVZ6uz8zg="></latexit>

= G1(x� y) +
X

nk 6=0

G1(x� y + nkLk)

<latexit sha1_base64="Ng/z04MxxL+omFMuS3YV/uYhUmU="></latexit>

This expression enters the loop diagrams for the self energy for x — y = 0    
(cp. Lecture 2, slides 8/9)  

For δFV use the finite expression

G1(0)

<latexit sha1_base64="JshqDkgnWsx5MhapGYXuyPPuNig=">AAAB9XicdVDLSgMxFM3UV62vqks3wSLUTUlKte2u4EKXFewD2rFk0kwbmskMSUYpQ//DjQtF3Pov7vwbM20FFT1w4XDOvdx7jxcJrg1CH05mZXVtfSO7mdva3tndy+8ftHUYK8paNBSh6npEM8ElaxluBOtGipHAE6zjTS5Sv3PHlOahvDHTiLkBGUnuc0qMlW4vB0mfS99MZ0V0Cgf5AiohhDDGMCW4eo4sqddrZVyDOLUsCmCJ5iD/3h+GNA6YNFQQrXsYRcZNiDKcCjbL9WPNIkInZMR6lkoSMO0m86tn8MQqQ+iHypY0cK5+n0hIoPU08GxnQMxY//ZS8S+vFxu/5iZcRrFhki4W+bGAJoRpBHDIFaNGTC0hVHF7K6Rjogg1NqicDeHrU/g/aZdLuFI6u64UGpVlHFlwBI5BEWBQBQ1wBZqgBShQ4AE8gWfn3nl0XpzXRWvGWc4cgh9w3j4BueGR+w==</latexit>

M2
0

16⇡2

⇣
� 2

✏
+ lnM2

0 + finite
⌘

<latexit sha1_base64="M/tEiNNCMFug7erXPueoNF696vQ="></latexit>

D dim

�FV(x� y)

<latexit sha1_base64="Ur39l2TeDLvtOqOvKL25AOstpYk=">AAAB/XicdVDLSgMxFM34rPU1PnZugkWoC8ukVNvuCoK4rGAf0JYhk8m0oZkHSUYch+KvuHGhiFv/w51/Y6atoKIHLhzOuZd773EizqSyrA9jYXFpeWU1t5Zf39jc2jZ3dtsyjAWhLRLyUHQdLClnAW0ppjjtRoJi3+G044zPM79zQ4VkYXCtkogOfDwMmMcIVlqyzf2+S7nCdtoXPrxoT4q3J8mxbRaskmVZCCGYEVQ9szSp12tlVIMoszQKYI6mbb733ZDEPg0U4VjKHrIiNUixUIxwOsn3Y0kjTMZ4SHuaBtincpBOr5/AI6240AuFrkDBqfp9IsW+lInv6E4fq5H87WXiX14vVl5tkLIgihUNyGyRF3OoQphFAV0mKFE80QQTwfStkIywwETpwPI6hK9P4f+kXS6hSun0qlJoVOZx5MABOARFgEAVNMAlaIIWIOAOPIAn8GzcG4/Gi/E6a10w5jN74AeMt0/MmpTG</latexit>

modified Bessel function

G1(z) =
1

4⇡2

M0p
z2

K1

⇣
M0

p
z2
⌘

<latexit sha1_base64="npgG7ac8TovJ+Vw7QO2QamMUkMA="></latexit>



Example: FV correction to the pion mass
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We obtain for z = (~nL, 0)

<latexit sha1_base64="yPjc09zb9x3j2zrxTK+GtB96R8U=">AAAB9XicdVBNS0JBFJ1nX2ZfVss2QxIYhMyIpS4CoU2LFgb5AWoybxx1cN68x8w8wx7+jzYtimjbf2nXv2meGlTUgQuHc+7l3nvcQHBtEPpwEkvLK6tryfXUxubW9k56d6+u/VBRVqO+8FXTJZoJLlnNcCNYM1CMeK5gDXd0EfuNMVOa+/LGTALW8chA8j6nxFjp9v482x4zGsnp1Qk67qYzKIcQwhjDmODiGbKkXC7lcQni2LLIgAWq3fR7u+fT0GPSUEG0bmEUmE5ElOFUsGmqHWoWEDoiA9ayVBKP6U40u3oKj6zSg31f2ZIGztTvExHxtJ54ru30iBnq314s/uW1QtMvdSIug9AwSeeL+qGAxodxBLDHFaNGTCwhVHF7K6RDogg1NqiUDeHrU/g/qedzuJA7vS5kKoVFHElwAA5BFmBQBBVwCaqgBihQ4AE8gWfnznl0XpzXeWvCWczsgx9w3j4Bl/GR5g==</latexit>

�FV(0) =
M2

0

16⇡2

X

n 6=0

4m(n)
K1(

p
nM0L)p

nM0L

<latexit sha1_base64="n3gy7/D9zpHrJ5NqWoyclpgkBYM="></latexit>

Putting both together leads to  
the simple replacement rule

➥

(1  +  ln  +  δFV )  ≈  (1  +  ln ) (1 +  δFV ) 

= M2
⇡,1

⇣
1 +

M2
⇡

32⇡2f2

X

n 6=0

4m(n)
K1(

p
nM⇡L)p

nM⇡L

⌘
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Here: drop higher order corrections

“pions wrapping around the torus”

n = ~n2
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m(n):  multiplicities
m(1)=6, m(2)=12, m(3)=8,…
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Example: FV correction to the decay constant
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Analogously, we obtain the FV correction for the pion decay constant:
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⇣
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Size of the FV corrections

FV corrections are exponentially suppressed

As anticipated:  The relevant quantity is the dimless number Mπ L

As anticipated: FV corrections of kaons and etas are even smaller than for pions  
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There exist various representations for Bessel function K1,  e.g.

Perform a saddle point expansion for large z

K1(z) ⇠
r

⇡

2z
e�z
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for z �! 1
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Exercise:  Show this



Range of applicability

The results derived here apply only for Mπ L ≫ 1 
so called p-regime 

Do not hold for smaller values with Mπ L ≪ 1 
so-called ε-regime
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Reason:  The zero-mode contribution becomes large 

GL(x� y) =
1
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X
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p2 +M2
⇡

=
1

M2
⇡L

4
+

X

p 6=0

. . .
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zero-mode contribution

➥ reordering of the perturbative expansion becomes necessary 

For details see Maarten Golterman,  arXiv: 0912.4042



Final comments on FV ChPT

Twisted boundary conditions ( periodic up to global symmetry transformations ) 

➥   Similar results 

Dirichlet or open boundary conditions in time 
➥   ??? 
More complicated because of 

“real” boundaries for x0 = 0 and x0 = T

the boundary terms are expected to break chiral symmetry 
➥ new terms with new unknown LECs appear in the chiral Lagrangian 
(not worked out so far …) 
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So far: periodic boundary conditions

G.Colangelo and A.Vaghi, 2016

L = Linf Vol + Lx0=0 + Lx0=T



Non-zero lattice spacing corrections

Wilson ChPT



ChPT at non-zero lattice spacing

Very often in practice: Lattice data at non-zero lattice spacing 
Desired:  Apply ChPT to these results

Not straightforward because 

the lattice breaks Lorentz resp. O(4) invariance

most lattice fermions break chiral symmetry, 
e.g. Wilson and staggered fermions

These breakings lead to modifications in the continuum ChPT results! 

In the following:  Wilson fermions (simplest case …)
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ChPT at non-zero lattice spacing

Constructing ChPT for non-zero lattice spacing: 
Strategy:   Two-step matching to effective theories:

“Lattice ChPT” is an expansion in powers of small pion momenta, pion mass  
and a small lattice spacing a 

Additional LECs associated to the “lattice spacing terms” appear 

29

LLattice�QCD

LSym = LQCD + aL1 + a2L2 + . . .

Lchiral = LChPT + aL̃1 + a2L̃2 + . . .

En
er

gy

Inherited:  Details depend on  
the Lattice Dirac operator

e.g. Not universal, 
different countings exist !

LO:

NLO: O(p4, p2m,m2, p2a,ma, a2)

O(p2,m, a)

Symanzik effective theory



Example:  Wilson fermions

30

Symanzik effective theory through O(a):

‣ One term (Pauli term) 
(“anomalous color magnetic moment, strength c , flavor independent)

‣ Breaking of chiral symmetry also allows a term  
➥ included in the quark mass term in LQCD

Pauli term breaks chiral symmetry like a mass term

A = ac
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A: spurion field  
     analogous to quark mass matrix 
      cp. with Lecture 2, slide 20

“physical value”: A = A† = ac
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Example:  Wilson fermions

Leading term with one power of a 
recall: euclidean space-time  ➞  sign

Form of a flavor diagonal mass term  
same breaking in QCD leads to the same terms in ChPT

W0: new LEC associated with the non-zero lattice spacing 
analogous to B associated with the non-zero mass term 
note:

Convention:  W0 c  ➞  W0    since both are unknown coefficients
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Additional invariant with the spurion field A :

➥

Tr[AU† +A†U ]
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La[a] = �f2W0 c a

2
tr[U + U †]
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dim W0 = 3, dim B = 1 dim W0a = dim Bmq = 2 ⇒



Example:  Wilson fermions
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Higher order terms:  Obtain these from the Lagrangian L4  by replacing

Lk
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⇒

� = 2BMq
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2W0a = ⇢

<latexit sha1_base64="/zTZm3Z+e00unuCv9rQ2bcSvHG4=">AAAB8XicdVDLSgMxFM34rPVVdekmWARXJSnVtguh4MZlBfvAdiiZNNOGZpIhyQhl6F+4caGIW//GnX9jpq2gogcuHM65l3vvCWLBjUXow1tZXVvf2Mxt5bd3dvf2CweHbaMSTVmLKqF0NyCGCS5Zy3IrWDfWjESBYJ1gcpX5nXumDVfy1k5j5kdkJHnIKbFOuit3Bohc9vVYDQpFVEIIYYxhRnD1AjlSr9fKuAZxZjkUwRLNQeG9P1Q0iZi0VBBjehjF1k+JtpwKNsv3E8NiQidkxHqOShIx46fzi2fw1ClDGCrtSlo4V79PpCQyZhoFrjMidmx+e5n4l9dLbFjzUy7jxDJJF4vCRECrYPY+HHLNqBVTRwjV3N0K6ZhoQq0LKe9C+PoU/k/a5RKulM5vKsVGZRlHDhyDE3AGMKiCBrgGTdACFEjwAJ7As2e8R+/Fe120rnjLmSPwA97bJ+uvkGk=</latexit>

La[p
2a,mqa] = W4⇢ tr[@µU@µU

†] tr[U + U†]

<latexit sha1_base64="AANXLWITH53oH6ceHX2ci9T523Q="></latexit>

+ W5

<latexit sha1_base64="uSc7jag2sz6Skkn45u0sIrKc1V8=">AAAB6nicdVBNSwMxEJ31s9avqkcvwSJ4KpvS2vZW8OKxov2AdinZNNuGZrNLkhXK0p/gxYMiXv1F3vw3ZtsKKvpg4PHeDDPz/FhwbVz3w1lb39jc2s7t5Hf39g8OC0fHHR0lirI2jUSkej7RTHDJ2oYbwXqxYiT0Bev606vM794zpXkk78wsZl5IxpIHnBJjpdvusDosFN2S67oYY5QRXLt0LWk06mVcRzizLIqwQmtYeB+MIpqETBoqiNZ97MbGS4kynAo2zw8SzWJCp2TM+pZKEjLtpYtT5+jcKiMURMqWNGihfp9ISaj1LPRtZ0jMRP/2MvEvr5+YoO6lXMaJYZIuFwWJQCZC2d9oxBWjRswsIVRxeyuiE6IINTadvA3h61P0P+mUS7hSqt5Uis3KKo4cnMIZXACGGjThGlrQBgpjeIAneHaE8+i8OK/L1jVnNXMCP+C8fQIq0o2z</latexit>

term

�W6⇢ tr[�(U + U†)] tr[U + U †]

<latexit sha1_base64="LGEYS8mZIel3CBQH31z2Jkkg+rY="></latexit>

+ W7,W8

<latexit sha1_base64="vOmaj2xlpj9Y8Z95oMcMGx2eMJY=">AAAB73icdVBNSwMxEM36WetX1aOXYBE8SElKtdtbwYvHCrZbaJclm2bb0Gx2TbJCKf0TXjwo4tW/481/Y7atoKIPBh7vzTAzL0wF1wahD2dldW19Y7OwVdze2d3bLx0cdnSSKcraNBGJ6oZEM8ElaxtuBOumipE4FMwLx1e5790zpXkib80kZX5MhpJHnBJjpa4X1M+hF7hBqYwqCCGMMcwJrl8iSxoNt4pdiHPLogyWaAWl9/4goVnMpKGCaN3DKDX+lCjDqWCzYj/TLCV0TIasZ6kkMdP+dH7vDJ5aZQCjRNmSBs7V7xNTEms9iUPbGRMz0r+9XPzL62Umcv0pl2lmmKSLRVEmoElg/jwccMWoERNLCFXc3grpiChCjY2oaEP4+hT+TzrVCq5VLm5q5WZtGUcBHIMTcAYwqIMmuAYt0AYUCPAAnsCzc+c8Oi/O66J1xVnOHIEfcN4+Ack6jyE=</latexit>

terms

+ W 0
7,W

0
8

<latexit sha1_base64="LcBl7R0Gu7vK5IykKVTxZLTRLBw=">AAACA3icdVDLSgMxFM34rPU16k43wSK4kJKUaqe7ghuXFewD2nHIpGkbmnmQZIQyFNz4K25cKOLWn3Dn35hpK1TRAxdOzrmX3Hv8WHClEfq0lpZXVtfWcxv5za3tnV17b7+pokRS1qCRiGTbJ4oJHrKG5lqwdiwZCXzBWv7oMvNbd0wqHoU3ehwzNyCDkPc5JdpInn3Yuk27seQBm3iVM7jwcjy7gIoIIYwxzAiuXCBDqlWnhB2IM8ugAOaoe/ZHtxfRJGChpoIo1cEo1m5KpOZUsEm+mygWEzoiA9YxNCQBU246vWECT4zSg/1Imgo1nKqLEykJlBoHvukMiB6q314m/uV1Et133JSHcaJZSGcf9RMBdQSzQGCPS0a1GBtCqORmV0iHRBKqTWx5E8L3pfB/0iwVcbl4fl0u1MrzOHLgCByDU4BBBdTAFaiDBqDgHjyCZ/BiPVhP1qv1NmtdsuYzB+AHrPcv3E6XpA==</latexit>

termsLa2 [a2] = �W 0
6⇢

2
⇣
tr[U + U†]

⌘2

<latexit sha1_base64="uT4jMxx9PCrq03isdlloyBUzP1g="></latexit>

We find 8 additional terms in the chiral Lagrangian !



Example:  Wilson fermions
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Comment on the power counting:

An analogous argument does not hold for the a contribution 
The lattice spacing a can be changed independently of p2 and mq

Different countings exist depending on the relative size of mq and a

We count p2 ∼ mq because of p2 = M2
tree / mq

<latexit sha1_base64="gCKujmOabumrxiHGC6j0cb/j8BA=">AAACB3icdVDLSgMxFM34rPVVdSlIsAiuyqRUrQtBcONGqGAf0MeQSW81mMzEJCOUoTs3/oobF4q49Rfc+TdmtIKKHggczrmXm3NCJbixvv/mTUxOTc/M5uby8wuLS8uFldWGiRPNoM5iEetWSA0IHkHdciugpTRQGQpohpdHmd+8Bm14HJ3ZoYKupOcRH3BGrZOCwobqlQ9OeuUg7WiJrQYY4Y7SsbIxlsFVUCj6Jd/3CSE4I2Rv13dkf79aJlVMMsuhiMaoBYXXTj9miYTIMkGNaRNf2W5KteVMwCjfSQwoyi7pObQdjagE000/cozwllP6eBBr9yKLP9TvGymVxgxl6CYltRfmt5eJf3ntxA6q3ZRHKrEQsc9Dg0RgFzIrBfe5BmbF0BHKNHd/xeyCasqsqy7vSvhKiv8njXKJVEo7p5XiYWVcRw6to020jQjaQ4foGNVQHTF0g+7QA3r0br1778l7/hyd8MY7a+gHvJd3YgSZAA==</latexit>

mq ∼ a      GSM regime 
generically small quark masses

mq ∼ a2

   LO:  O(p2, mq, a) 

NLO:  O(p4, p2mq, mq2, p2a, mqa, a2)       

LCE regime 
large cut-off effects

➞

not here …➞



Example:  Wilson fermions at O(a)

quark bilinears

4-quark operators

34

Symanzik effective theory through O(a2):       MANY more terms!

18 fermion operators ( dim 6 ) 
 + gluonic ones

Some examples:

Sheikholeslami, Wohlert 1985

O
(6)
5 = qMqDµDµq

<latexit sha1_base64="u5pnGog0aTawop1wdEeai2Y91JQ="></latexit>

O
(6)
1 = q(�µDµ)

3
q

<latexit sha1_base64="0I5lqryp+/VXSIDckEkdqCEX0lY="></latexit>

O
(6)
16 = (q�µT

a
colorq)

2

<latexit sha1_base64="+mP6ou7reV6UheEftdzwhKy0Fd0="></latexit>

O
(6)
9 = (qq)2

<latexit sha1_base64="MdeSS/XgMqaafTTeaFYasmC6D50="></latexit>

+  6 more terms 

+  8 more terms 

chiral symmetry 
preserving

chiral symmetry 
breaking

All these operators need to be mapped to ChPT  …



Example:  Wilson fermions at O(a)
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Chiral symmetry preserving operators:

do not change the symmetry properties of continuum QCD
➥ map to the same continuum chiral Lagrangian
    but:  the LECs differ and depend on a2

f

<latexit sha1_base64="vRk4/WWdftIAgD2+AqCMcMEopVA=">AAAB6HicdVBNS0JBFJ1nX2ZfVss2QxK0khmx1J3QpqVCmqAPmTfep5PzPpiZF8jDX9CmRRFt+0nt+jfNU4OKOnDhcM693HuPF0uhDSEfTm5tfWNzK79d2Nnd2z8oHh51dZQoDh0eyUj1PKZBihA6RhgJvVgBCzwJt970KvNv70FpEYU3ZhaDG7BxKHzBmbFS2x8WS6RMCKGU4ozQ2iWxpNGoV2gd08yyKKEVWsPi+2AU8SSA0HDJtO5TEhs3ZcoILmFeGCQaYsanbAx9S0MWgHbTxaFzfGaVEfYjZSs0eKF+n0hZoPUs8GxnwMxE//Yy8S+vnxi/7qYijBMDIV8u8hOJTYSzr/FIKOBGzixhXAl7K+YTphg3NpuCDeHrU/w/6VbKtFq+aFdLzeoqjjw6QafoHFFUQ010jVqogzgC9ICe0LNz5zw6L87rsjXnrGaO0Q84b58WWI0a</latexit>

f(a2) = f + f 0a2 + . . .

<latexit sha1_base64="11Ijckb67ruebJU/xJ1Xd/hLSzc="></latexit>

⇒ NNLO terms of O(p2a2)

Lk(a
2) = Lk + L0

ka
2 + . . .

<latexit sha1_base64="br8j6ndv/7GniPAQ9VCvtNxyq9A="></latexit>

Lk

<latexit sha1_base64="eDgLqLv6DQL0aVM9eKY/t4tfNRw=">AAAB6nicdVBNSwMxEJ31s9avqkcvwSJ4KptSbXsrePHgoaL9gHYp2TTbhmazS5IVytKf4MWDIl79Rd78N2bbCir6YODx3gwz8/xYcG1c98NZWV1b39jMbeW3d3b39gsHh20dJYqyFo1EpLo+0UxwyVqGG8G6sWIk9AXr+JPLzO/cM6V5JO/MNGZeSEaSB5wSY6Xb68FkUCi6Jdd1McYoI7h64VpSr9fKuIZwZlkUYYnmoPDeH0Y0CZk0VBCte9iNjZcSZTgVbJbvJ5rFhE7IiPUslSRk2kvnp87QqVWGKIiULWnQXP0+kZJQ62no286QmLH+7WXiX14vMUHNS7mME8MkXSwKEoFMhLK/0ZArRo2YWkKo4vZWRMdEEWpsOnkbwten6H/SLpdwpXR+Uyk2Kss4cnAMJ3AGGKrQgCtoQgsojOABnuDZEc6j8+K8LlpXnOXMEfyA8/YJa+iN3g==</latexit>

⇒ N3LO terms of O(p4a2)

Can be ignored if working at NLO only !



Example:  Wilson fermions at O(a)
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Chiral symmetry breaking operators:

Introduce spurion fields for each term and use to construct invariants in ChPT
➥ additional terms in the chiral Lagrangian at O(a2)
     but:  no new terms, only the same ones we already found using                      A2, AA†, . . .

<latexit sha1_base64="UFGwWDS4CqIMc2mLOb5xXn6JnBI=">AAACB3icdVDLSgMxFM3UV62vqktBgkVwUcqkVNvuWty4rGAf0GlLJpOZhmYeJBmhDN258VfcuFDErb/gzr8x01ZQ0QMXTs65l9x77IgzqUzzw8isrK6tb2Q3c1vbO7t7+f2DjgxjQWibhDwUPRtLyllA24opTnuRoNi3Oe3ak8vU795SIVkY3KhpRAc+9gLmMoKVlkb54+awXLSKsNkcJpaDPY+KWfq2uBMqmRvlC2bJNE2EEEwJql6YmtTrtTKqQZRaGgWwRGuUf7eckMQ+DRThWMo+MiM1SLBQjHA6y1mxpBEmE+zRvqYB9qkcJPM7ZvBUKw50Q6ErUHCufp9IsC/l1Ld1p4/VWP72UvEvrx8rtzZIWBDFigZk8ZEbc6hCmIYCHSYoUXyqCSaC6V0hGWOBidLRpSF8XQr/J51yCVVK59eVQqOyjCMLjsAJOAMIVEEDXIEWaAMC7sADeALPxr3xaLwYr4vWjLGcOQQ/YLx9AkeRl6o=</latexit>

OB, Rupak, Shoresh 2004

W 0
6,W

0
7,W

0
8

<latexit sha1_base64="yfPuN77PVU50NfFp5suBnCp27wI=">AAACEXicdVDLSgMxFM34rPU16tJNsAhdSJmU2k53BTcuK9hOoR2HTJq2oZkHSUYoQ3/Bjb/ixoUibt2582/MtFWs6IHAuefcy809fsyZVJb1Yaysrq1vbOa28ts7u3v75sFhW0aJILRFIh6Jjo8l5SykLcUUp51YUBz4nDr++CLznVsqJIvCazWJqRvgYcgGjGClJc8sOl71Ju3FggV0egYdr7ZU2d+VZxaskmVZCCGYEVSrWprU63YZ2RBllkYBLND0zPdePyJJQENFOJayi6xYuSkWihFOp/leImmMyRgPaVfTEAdUuunsoik81UofDiKhX6jgTP05keJAykng684Aq5H87WXiX143UQPbTVkYJ4qGZL5okHCoIpjFA/tMUKL4RBNMBNN/hWSEBSZKh5jXIXxdCv8n7XIJVUrnV5VCo7KIIweOwQkoAgRqoAEuQRO0AAF34AE8gWfj3ng0XozXeeuKsZg5Aksw3j4BJRydNw==</latexit>

Consequence:  Effectively only the LECs                      change

+
X

j

W̃ 0
6,j⇢

2
⇣
tr[U + U†]

⌘2

<latexit sha1_base64="IOxS5NhT1yuKWaZiUOx6vWrPV+E="></latexit>

W 0
6⇢

2
⇣
tr[U + U†]

⌘2

<latexit sha1_base64="QM9u2XISRGB7tPI0gl1yoNhxbss="></latexit>

W 0
6⇢

2
⇣
tr[U + U†]

⌘2

<latexit sha1_base64="QM9u2XISRGB7tPI0gl1yoNhxbss="></latexit>

= (W 0
6 +

X

j

W̃ 0
6,j) ⇢

2
⇣
tr[U + U †]

⌘2

<latexit sha1_base64="I7E7gV8TXKvhxXb3os5sdcGsUC8="></latexit>

Upshot:  The 18 operators at O(a2) in the Symanzik effective action do not 
             qualitatively change the chiral Lagrangian up to NLO



Example: ππ scattering in WChPT
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Results for scattering amplitude T for 
SU(2) ChPT,  mu = md = m, GSM regime

➥ Consider threshold value, i.e. for  

⇡+(p1) ⇡+(p2) ⇡+(p01) ⇡+(p02)

s = 4M2
⇡ , t = u = 0

cp. Lecture 2, slide 28LO: 

NLO: 

continuum result, no O(a) correction !

The O(a) term is contained in the pion mass

T |thr = �2M2
0

f2

✓h
1� 4

3

M2
0

(4⇡f)2
ln

M2
0

⇤2
1

i
� k1

⇢

f2

◆
+ 32(2W 0

6 +W 0
8)
⇢2

f2

<latexit sha1_base64="aEkf8FA5432jPyutFH4NNDV69Jo="></latexit>

T |thr = �2M2
0

f2

<latexit sha1_base64="kCXLYlxRtHXRRWW411Zu/Z9WOuk="></latexit>

⇢ = 2W0a

<latexit sha1_base64="tTfXcj4mTUYDvUZ7H6wg/zympIQ=">AAACDXicdVDLSgMxFM3UV62vUZduglVwVZJSbbsQCm5cVrAP6Awlk6ZtaOZBkhHKMD/gxl9x40IRt+7d+Tdm2gpV9MCFwzn35uYeLxJcaYQ+rdzK6tr6Rn6zsLW9s7tn7x+0VRhLylo0FKHsekQxwQPW0lwL1o0kI74nWMebXGV+545JxcPgVk8j5vpkFPAhp0QbqW+fJM7skUSyQerIcZheljt9tKyStG8XUQkhhDGGGcHVC2RIvV4r4xrEmWVQBAs0+/aHMwhp7LNAU0GU6mEUaTchUnMqWFpwYsUiQidkxHqGBsRnyk1mK1N4apQBHIbSVKDhTF2eSIiv1NT3TKdP9Fj99jLxL68X62HNTXgQxZoFdL5oGAuoQ5hFAwdcMqrF1BBCJTd/hXRMJKHaBFgwIXxfCv8n7XIJV0rnN5Vio7KIIw+OwDE4AxhUQQNcgyZoAQruwSN4Bi/Wg/VkvVpv89actZg5BD9gvX8BPP2c6g==</latexit>

k1 = k1(W4, . . . ,W8)

<latexit sha1_base64="45VHe+FdT1IvlVAAaPyXiRmQg40=">AAACAHicdVDLSgMxFM3UV62vqgsXboJFqFBKUkbbLoSCG5cV7APaYcikaRuaeZBkhDJ046+4caGIWz/DnX9jpq2gogcuHM65l3vv8SLBlUbow8qsrK6tb2Q3c1vbO7t7+f2DtgpjSVmLhiKUXY8oJnjAWpprwbqRZMT3BOt4k6vU79wxqXgY3OppxByfjAI+5JRoI7n5o4mLL00VO65d6otBqFWp49bO3HwBlRFCGGOYEly9QIbU67UKrkGcWgYFsETTzb/3ByGNfRZoKohSPYwi7SREak4Fm+X6sWIRoRMyYj1DA+Iz5STzB2bw1CgDOAylqUDDufp9IiG+UlPfM50+0WP120vFv7xerIc1J+FBFGsW0MWiYSygDmGaBhxwyagWU0MIldzcCumYSEK1ySxnQvj6FP5P2pUytsvnN3ahYS/jyIJjcAKKAIMqaIBr0AQtQMEMPIAn8GzdW4/Wi/W6aM1Yy5lD8APW2ydgKpT3</latexit>

‣ We recover the continuum results for a → 0
‣ Note:  Chiral and continuum limit do not commute ! 

              You enter the LCE regime first …



More applications

More applications

twisted mass QCD

staggered QCD

mixed action QCD 
different lattice fermions  
for sea and valence quarks

Introduction including many references to original papers:

38

M. Golterman,  Applications of chiral perturbation theory to lattice QCD 
Les Houches lecture notes, arXiv:0912.4042 [hep-lat]

twisted mass ChPT

staggered ChPT

mixed action ChPT



Lorentz or O(4) symmetry breaking



O(4) breaking

40

Symanzik effective theory through O(a2):
Sheikholeslami, Wohlert 1985

O
(6)
4 = q�µDµDµDµq

<latexit sha1_base64="pisjpgUTImfciQm/BbzPS0YjAGc="></latexit>

= qR�µDµDµDµqR + qL�µDµDµDµqL

<latexit sha1_base64="EXYevlPbuyUZ5a+o/niuVV+t6nc="></latexit>

‣ breaks O(4) symmetry

‣ preserves chiral symmetries 
also present for chiral lattice fermions (Ginsparg-Wilson, Domain-wall)

Exercise:  Map this term to ChPT 



Multi-pion state contamination



Pion pole dominance revisited

The pion pole is the dominant part (lowest lying pole)  
reproduced in ChPT

…  stands for poles of non-GB particles

There exist also multi-pion contributions 
e.g.  3-particle states:  πππ or Kππ  
 
These are contained in ChPT !

42

We saw (Lecture 2, slide 35) h0|TA1
µ(x)A

1
⌫(y)|0i = f2 pµp⌫

p2 +M2
⇡

+ . . .

<latexit sha1_base64="QPUVRF5S5wqrpSFIEgZZ1MQdqEo="></latexit>

h0|TA4
µ(x)A

4
⌫(y)|0i = f2 pµp⌫

p2 +M2
K

+ . . .

<latexit sha1_base64="m8rPWBvAso6N/yzLg2GnZvagjd4="></latexit>



Example: pion correlator

43

3π state with all pions at rest:    E3π  ≈ 420 MeV ≪ 1300 MeV

πππ  states may have a larger impact than π(1300)

Citation: P.A. Zyla et al. (Particle Data Group), Prog. Theor. Exp. Phys. 2020, 083C01 (2020)

π(1300) IG (JPC ) = 1−(0−+)

π(1300) MASSπ(1300) MASSπ(1300) MASSπ(1300) MASS

VALUE (MeV) EVTS DOCUMENT ID TECN COMMENT

1300±100 OUR ESTIMATE1300±100 OUR ESTIMATE1300±100 OUR ESTIMATE1300±100 OUR ESTIMATE

• • • We do not use the following data for averages, fits, limits, etc. • • •

1128± 26±70 DARGENT 17 RVUE D0 → π−π+π−π+

1345± 8±10 18k 1 SCHEGELSKY 06 RVUE γ γ → π+π−π0

1200± 40 90k SALVINI 04 OBLX pp → 2π+2π−

1343± 15±24 CHUNG 02 B852 18.3 π−p → π+π−π− p

1375± 40 ABELE 01 CBAR 0.0 pd → π− 4π0 p

1275± 15 BERTIN 97D OBLX 0.05 pp → 2π+2π−

∼ 1114 ABELE 96 CBAR 0.0 pp → 5π0

1190± 30 ZIELINSKI 84 SPEC 200 π+Z → Z3π

1240± 30 BELLINI 82 SPEC 40 π−A → A3π
1273± 50 2 AARON 81 RVUE

1342± 20 BONESINI 81 OMEG 12 π− p → p3π

∼ 1400 DAUM 81B SPEC 63,94 π− p

1 From analysis of L3 data at 183–209 GeV.
2Uses multichannel Aitchison-Bowler model (BOWLER 75). Uses data from DAUM 80
and DANKOWYCH 81.

π(1300) WIDTHπ(1300) WIDTHπ(1300) WIDTHπ(1300) WIDTH

VALUE (MeV) EVTS DOCUMENT ID TECN COMMENT

200 to 600 OUR ESTIMATE200 to 600 OUR ESTIMATE200 to 600 OUR ESTIMATE200 to 600 OUR ESTIMATE

• • • We do not use the following data for averages, fits, limits, etc. • • •

314± 39±66 DARGENT 17 RVUE D0 → π−π+π−π+

260± 20±30 18k 3 SCHEGELSKY 06 RVUE γ γ → π+π−π0

470±120 90k SALVINI 04 OBLX pp → 2π+2π−

449± 39±47 CHUNG 02 B852 18.3 π−p → π+π−π− p

268± 50 ABELE 01 CBAR 0.0 pd → π− 4π0 p

218±100 BERTIN 97D OBLX 0.05 pp → 2π+2π−

∼ 340 ABELE 96 CBAR 0.0 pp → 5π0

440± 80 ZIELINSKI 84 SPEC 200 π+Z → Z3π

360±120 BELLINI 82 SPEC 40 π−A → A3π
580±100 4 AARON 81 RVUE

220± 70 BONESINI 81 OMEG 12 π− p → p3π

∼ 600 DAUM 81B SPEC 63,94 π− p

3 From analysis of L3 data at 183–209 GeV.
4Uses multichannel Aitchison-Bowler model (BOWLER 75). Uses data from DAUM 80
and DANKOWYCH 81.

HTTP://PDG.LBL.GOV Page 1 Created: 6/1/2020 08:31

Citation: P.A. Zyla et al. (Particle Data Group), Prog. Theor. Exp. Phys. 2020, 083C01 (2020)

π
0 IG (JPC ) = 1−(0−+)

We have omitted some results that have been superseded by later
experiments. The omitted results may be found in our 1988 edition
Physics Letters B204B204B204B204 1 (1988).

π
0 MASSπ
0 MASSπ
0 MASSπ
0 MASS

The value is calculated from m
π± and (m

π± − m
π0). See also the notes

under the π± Mass Listings.

VALUE (MeV) DOCUMENT ID

134.9768±0.0005 OUR FIT134.9768±0.0005 OUR FIT134.9768±0.0005 OUR FIT134.9768±0.0005 OUR FIT Error includes scale factor of 1.1.
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• • • We do not use the following data for averages, fits, limits, etc. • • •
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Most experiments measure the π0 width which we convert to a lifetime.
ATHERTON 85 is the only direct measurement of the π0 lifetime. Our av-
erage based only on indirect measurement yields (8.30 ± 0.19)×10−17 s.
The two Primakoff measurements from 1970 have been excluded from
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8.97±0.22±0.17 ATHERTON 85 CNTR Direct measurement
8.2 ±0.4 4 BROWMAN 74 CNTR Primakoff effect
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Consider QCD in a finite spatial volume V = L3     ⇒   discrete spatial momenta 
➥ isolated poles in the  
     sprectral decomposition

CA4(t) =

Z
d3xhA4

0(~x, t)A
4
0(~0, 0)i

<latexit sha1_base64="JTOoa4lUvFzsxXGAAijpEgjlIv8="></latexit>

= c0 e
�MKt + c1 e

�(MK+2M⇡)t + . . .

<latexit sha1_base64="zRKWJvIHx4zNCy4IXZ1gE+9gD5w="></latexit>

c0 =
f2MK

2
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+ + + +
Feynman 
diagrams:

c1
c0

=
3

128(fL)4(M⇡L)2
M2

K

(MK +M⇡)2
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Well defined (finite) expression 



Multi-pion states in ChPT

Relevance in practice:  Excited-state contamination in calculating MK and fK 
typically extracted from fits of a single exponential (c0 part) to lattice data

Not really an issue for the pion and kaon correlation functions

Euclidean time t can be chosen large enough such that the excited state 
contribution is negligible,  e.g.  Kππ contribution is O(10-4) for t ≈ 1 fm

However: Much larger contribution in nucleon obeservables like nucleon form factors 
➥ dominant excited state contribution are 2-particle Nπ states 
For a recent review see OB, arXiv:1708.00380 [hep-lat]
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Most of what was covered here can be found in:
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For possible exercises see


