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Continuum vs. lattice symmetries

On the lattice symmetries are typically reduced with respect to the
continuum. Examples are

@ Space-Time symmetries: the Euclidean O(4) rotations are
reduced to the O(4,7Z) group of the hypercubic lattice. Other
lattice geometries are possible, even random lattices have
been tried.

@ Supersymmetry: only partially realisable on the lattice
© Chiral and Flavour symmetries:
o staggered quarks: only a U(1)xU(1) symmetry remains
o Wilson quarks: an exact SU(N¢)v
o twisted mass Wilson quarks: various U(1) symmetries (both
axial and vector)
o overlap/Neuberger quarks: complete continuum symmetries!
e Domain Wall quarks: (negligibly ?) small violations of axial
symmetries; consequences are analysed like for Wilson quarks

Case study: chiral and flavour symmetries with Wilson type quarks



Exact lattice Ward identities (1)

Euclidean action S = S; + S,:
S o= @Y E)(DwEm) k). S= A3 tr {1 Pul)
X 1V

Dw = 5{(V,+V})w—aV,V,}

Isospin transformations (N; = 2, 7123 Pauli matrices):

U(x) = Y(x) = exp (i0(x)577) ¥(x) ~ (1 + 65(6)) ¥(x),

V) = U0 =00 exp (—i0(x)37°) () = (14 63(0)) ¥(x)

Perform change of variables in the functional integral and expand
in @

(O, . U)) = 21 / D, 7]1D[U)e~5 O, B, U].

Due to D[, )] = D[W,El] one finds the vector Ward identity
(07(0)0) = (06%(0)S)



Exact lattice Ward identities (2)

Variation of the action, Noether current:

53(0)S = —Ia“Ze )05 V3 (x

Vi) = B0~ 1) Ul m)lx + af)
FO0x o+ af) o+ 1) U 1) ()
Choose region R and 6:

1 ifxeR

R={x:t1 <x <}, 0(x) =
{ ! 0 < 2} (x) {0 otherwise



Exact lattice Ward identities (3)

if O = Oext is localised outside R:

0= (0extid}(0)S) = a* 3 D (e Vi(x))

Xo=ti+a x

%]
= 2 ) 35(0wQ(x))

Xo=t1+a

= (Oext @¥(2)) — (Oext Q¥ (1))

i.e. the vector charge is time-independent;

This expresses the exact vector symmetry on the lattice;
N.B.: These are exact identities between /attice correlation
functions!



Exact lattice Ward identities (4)

Choosing O = Oext V,f(y) with y € R:

i (0 V() = (O V() [@U(E2) — Q¥(1)])
(00 @5 (0)) = (0t QG (0) [QF(t2) — Q¥(1)])

@ N.B. The RHS does not vanish since the time ordering
matters: t; < yp and tp > o

o Constitutes Euclidean version of charge algebra!



Exact lattice Ward identities (5)

@ implies that the Noether current \7: is protected against
renormalisation; if we admit a renormalisation constant Zs; it
follows that Z\2/ = Z\7 hence Z;; = 1; its anomalous dimension
vanishes!

@ Any other definition of a lattice current, e.g. the local current

Vi(x) = () nusv(x),  (Ve)n=2vVy

can be renormalised by comparing with the conserved current.
Its anomalous dimension must vanish, i.e.

0 > n n
ZV = Zv(go) gof\—j 1+ Z Z\(/ )gg .
n=1



Continuum chiral WI's as normalisation conditions

@ For chiral symmetry there is no conserved current with Wilson
quarks.
@ However: expect that chiral symmetry can be restored in the
continuum limit!
= [Bochicchio et al '85 ]: use continuum chiral Ward identities
and impose them as normalisation condition at finite lattice
spacing a!



Continuum chiral WI's as normalisation conditions

@ Define chiral variations:

R (0)0(x) = ins3T0(x)e(x),  GR(O)¥(x) = P(x)is3770(x)

@ Derive formal continuum Ward identities assuming that the
functional integral can be treated like an ordinary integral:

= (64(0)0) = (053(0)S),

5(0)S = —i / d*x0(x) (8,42 (x) — 2mP(x))
Ad(x) = P)rssT (%), Px) = P(x)557%(x)



Simplest chiral WI: the PCAC relation (1)

@ Shrink the region R to a point x:

(Oext03(0)S) = 0
= (0uA2(x)Ocxt) = 2m(P?(x)Ocxt)

@ The PCAC relation implies that chiral symmetry is restored in
the chiral limit.



Simplest chiral WI: the PCAC relation (2)

@ Impose PCAC on Wilson quarks at fixed a: define a bare

PCAC mass:
_ <8;LAZ(X)Oext>
(P?(x) Oext)

@ A renormalised quark mass can thus be written in two ways
-1 -1
MR = ZaZp " m = Zp(mo—mey) = m=ZnZpZy (mo—me)

= The critical mass can be determined by measuring the bare
PCAC mass m as a function of mgy and extra/interpolation to
m=0.
@ Note: m is only defined up to O(a); any change in Ocy; will
lead to O(a) differences.



Determination of the critical mass

PCAC quark mass from 200} 1
SF correlation functions: m Mev) [ ]
_ aofA(Xo) mo} 5
2fp(x0) ]
83 x 16 lattice, quenched ° / ]
QCD, a=0.1fm T T T %

m, [MeV]



More chiral WI's: axial current normalisation

@ At m = 0 we can derive the Euclidean current algebra (in
finite volume!):

i 06t Q5 (10) ) = { Ouxt Q& (10) [QA(22) — QA (10)])

@ Imposing this continuum identity on the lattice (at m = 0)
fixes the normalisation of the axial current

o
(Ar); = Za(go) A, Zaleo) *~° 1+ Z{"g".
n=1

@ Note: When changing the external fields Oqys, the result for
Zx will change by terms of O(a).

@ The PCAC relation and the charge algebra become operator
identities in Minkowski space. Changing Oy corresponds to
looking at different matrix elements of these operator
identities. On the lattice these must be equal up to O(a)
terms.



Axial current normalisation with Wilson quarks

Zx in quenched approximation [Liischer et al. '96, Leder & S "10 ]
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Similar results for Ny = 2,3 by ALPHA collab.



Simplest chiral WI: the PCAC relation

@ Shrink the region R to a point x:
(Oextd3(0)S) = 0
= <8MAZ(X)OeXt> = 2m (P?(x)Oext)
@ In the continuum the PCAC quark mass

_ <8“AZ(X) Oext>
2 (P3(x) Ocxt)

must be independent of the choice for O.t, x, background
field,...!



Need for O(a) improvement of Wilson quarks

O(a) artefacts can be quite large with Wilson quarks:

PCAC quark mass from
SF correlation functions:

Oofa(x0)

2 fp (Xo)

83 x 16 lattice, quenched
QCD, a=0.1fm, 2
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background fields.
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On-shell O(a) improvement

Recall Symanzik's effective continuum theory from lecture 1

Sei = So+aSi+aS+...,  So=S&h
Sk = / d*x Ly (x)
where L1 is a linear combination of the fields:

@UWFW% ED;LDM% m@&% m2@¢, mtr{F;u/F,uu}

The action S; appears as insertion in correlation functions
Gn(x1, .-, xn) = (¢o(x1) ... 00(Xn))con
a / a*y (60(x) - 0000 £1(1))con

+ az (do(x1) - - P1(Xk) - - - Bo(Xn))con + O(a)



On-shell O(a) improvement (1)

Basic idea:

@ Introduce counterterms to the /attice action and composite
operators such that S; and ¢; are cancelled in the effective
theory

@ As all physics can be obtained from on-shell quantitities
(spectral quantitities like particle energies or correlation
function where arguments are kept at non-vanishing distance)
one may use the equations of motion to reduce the number of
counterterms

@ The contact terms which arise from having y ~ x; can be
analysed in the OPE and are found to be of the same
structure as the counterterms anyway contained in ¢y; this
amounts to a redefinition of the counterterms in ¢1.

@ After using the equations of motion one remains with:

JU}LVF/M/w) mzaﬁm mtr{F,uuF,uy}



On-shell O(a) improvement (2)

@ On-shell O(a) improved Lattice action

e The last two terms are equivalent to a rescaling of the bare
mass and coupling (mq = my — mc;):

gg = gg(l + bg(go)amy), Mg = mqg(1 + bm(go)amq)

o The first term is the Sheikholeslami-Wobhlert or clover term

Switson = Swilson + 1aCsw gO Z "/J Uuu [U/ '(/)(X)

@ On-shell O(a) improved axial current and density:

(A);, = Za(&®)(1+ baleo)ama) { A} + ca(g0)3,P?
(Pr)* = Zp(&® au)(1+ bp(go)amq)P?



On-shell O(a) improvement (3)

@ There are 2 counterterms in the massless theory ¢, ca, the
remaining ones (bg, bm, ba, bp) come with am,.

@ Note: all counterterms are absent in chirally symmetric
regularisations!

= turn this around: impose chiral symmetry to determine gy, Ca
non-perturbatively:

o define bare PCAC quark masses from SF correlation functions

_ Za(tbaamg) - Gofalx0) + caadidofe(x)

"R Zo(+ bpamg) B o (x0)

o At fixed go and amy ~ 0 define 3 bare PCAC masses m; > 3
(e.g. by varying the gauge boundary conditions) and impose

m1(Csw, €a) = Ma(Csw, ca),  Mi(Csw, ca) = M3(Cow, CA) = Cow Ca

SF b.c.'s = high sensitivity to ¢s & simulations near chiral
limit



Results for cgy, Nf =4 [ALPHA '09 ]
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On-shell O(a) improvement (4)

Before and after O(a) improvement (PCAC masses from SF
correlation functions, 8% x 16 lattice)
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Quenched result for the charm quark mass [ ]

@ The RGI charm quark mass can be defined in various ways
e starting from the subtracted bare quark mass
Mq,c = Mo,c — Mer
e starting from the average strange-charm PCAC mass myg,
e starting from the PCAC mass m.. for a hypothetical mass
degenerate doublet of quarks.
@ Tune bare charm quark mass to match the Dy meson mass

@ Obtain the corresponding O(a) improved RGI masses:

rOMc|m5c = ZMrO{2msc [1 + (bA - bp)%(amqac + amq,S)]
— my[1+ (ba - bp)amq,)] .
rOMc’mc = Zmrome [1 + (bA - bp)amQ»C] )
roMc‘mq,C = ZMZromq,C []. + bmamqjc] .

e N.B.: all O(a) counterterms are known non-perturbatively in
the quenched case!



Continuum extrapolation of the quenched RGI charm

quark mass

Continuum extrapolation

N I B B
o L
Continuum extrapolation: *[om, . ]
i = ]
M. = A+B(/5) 2 tE |
ro = 05fm =L b
M. = 1.654(45)GeV ash ]
mS(m.) = 1.301(34) GeV 3 | | |
8 0‘ - ‘{).01‘ - ‘0.02‘ - ‘0.03‘ - ‘0.04

(a/rg)?



Summary On-shell O(a) improvement

After O(a) improvement:

The ambiguity in m, is reduced to O(a?)
Axial current normalisation can be defined up to O(a?)

Results exist for cqy, ca for quenched and Ny = 2, 3,4 and
various gauge actions

On-shell O(a) improvement seems to work; rather economical
for spectral quantities (e.g. hadron masses): just need cuy!
Improvement of quark bilinear operators feasible, four-quark
operators difficult

Non-degenerate quark masses: rather complicated,
proliferation of b-coefficients [Bhattacharya et al '99 ff |;

However: for small quark masses and fine lattices amg is small
(a few percent at most) and perturbative estimates of
improvement coefficients may be good enough!



The Schrodinger functional and O(a) improvement

The presence of the boundaries induces additional O(a) effects:

@ counterterms must be local fields of dimension 4 integrated
over the boundaries xp =0, T:

o pure gauge theory:
/d3x tr { Fox(x) For(x /d3x tr { Fiy(x)Fiy(x)} = 0 (— b.c.'s)
@ with fermions:
[ ExitnaDov, [ ExitarnDe(e),

eliminate 2nd counterterm by equation of motion

= all boundary O(a) effects can be cancelled by 2 counterterms
with coefficients ¢, ¢!

@ In practice use perturbation theory and vary the coefficients in
simulations to assess their impact on observables.



Automatic O(a) improvement of massless Wilson quarks

[

]

@ Assume mpcac = 0, finite volume without boundaries:

= Symanziks effective continuum action (using egs. of motion):

Set = So+aS1+..., Sg= /d4x¢@1/1, 5 = c/d4x1/1aWFW1/J

@ cutoff dependence of lattice correlation functions:
(O) — <O>cont . a<510>cont + a<50>cont + 0(32)_
00 are O(a) counterterms to the composite fields in O, e.g.

0 = V2(x)Aly)
50 = cviayTj,,(x)Ai(y)—i-V:(X)CA(?VPb(y)



Automatic O(a) improvement of massless Wilson quarks

@ Introduce a vs-transformation (non-anomalous for even
numbers of quarks):

= Y51, = —s

e transform Symanzik's effective action and O(a) counterterms

50 — So, 51—>—51

@ Composite operators can be decomposed in y5-even and -odd
parts:

0O = 0,+0_
Oi — 40 = 5Oi_>:|:50i



@ Hence for y5-even Oy one finds
<O+>cont — <O >cont
<O+51>cont — <O 51>c0nt 0
<5O+>cont — < >cont =0
= (04) = (0" 4+ 0(a?)

@ while for y5-odd O_ one gets

<O_>cont _<O_>cont =0
<O_ 51>cont — <O_ 51>cont
(5O_)eont = (5O_)eont
= (0.) = —a(0-5)“" +a(60_)" + 0(a*)



= ~s-even observables are automatically O(a) improved, while
~s-odd observables vanish up to O(a) terms.

Remarks:

@ The cutoff effects are located in the y5-odd components.
These can be easily identified and projected out for any lattice
field, and the elimination of cutoff effects is then “automatic”.

@ In fermion regularisation with an exact chiral symmetry
(Ginsparg-Wilson quarks) the vs-odd fields vanish identically
= no need to project out the odd components.

@ The automatic O(a) improvement mechanism carries over to
the massive theory if the quark mass term is chosen as
QZ/',unEB@Z) (and myp = mc;)

= twisted mass QCD at “full twist".



Gradient flow & renormalized finite volume coupling

o QCD, gauge field A, (x), Yang-Mills gradient flow equation:

§Sy[B
&Bu(t,z) = DyGuypu(t,a) (:_%), B.(0,2) = Ay(x)

with field tensor G, = 8, By — 8y B, + By, Bu].
o Local gauge invariant composite fields at positive flow time ¢t > 0 such as
E(t7 33) = %tr{GHV(xv t)Guy(.T, t)}

are renormalized; no mixing with other fields of same or lower dimensions!
[Liischer & Weisz '2012];

o Explicit calculations up to 2-loop order (infinite volume, dimensional
regularization) [Liischer 2010; Harlander & Neumann 2016]:

392-(1) (1 1.0978 + 0.0075 Ny " ) 1
167212 ir Sws\) T ) BT

= E(t,z) is, for t > 0, a renormalized field; unlike E(0, z) which has a quartic
and a logarithmic divergence!

(E(t,2)) =



Gradient flow couplings

o Infinite volume: Non-perturbative definition of a renormalized “gradient flow
coupling” at scale p = 1//8t:

def 1672

(Bt )

géF,oo(M)

o Finite volume: consider (E(t,x)) in a finite box of dimension L*, fix the ratio
c= \/§/L and define

3
—2 —1,2 .
L) =N(c)" "t*{(E(t,x lim NV(c) =
Fe(L) =N @R BGD),  lim M@ =
@ defines family of renormalized couplings, with parameter c.
(typical range from 0.2 to 0.5);
e N(c) is calculable in lowest order perturbation theory; depends on b.c's for the
gauge field; periodic in space; time direction:
o periodic b.c’s [Fodor et al. 2012]
= SF (Dirichlet) b.cs [Fritzsch & Ramos 2012], used here!
o twisted periodic b.c's [Ramos 2013]
o open-SF (Neumann-Dirichlet) b.c’s [Liischer 2013]



Matching the SF and GF couplings, [ ]

2.76 T T T
Zeuthen flow F——
275 I Wilson flow +—e—f |
: Continuum  —e— 1
2.714 - _
2.73 -

gér(2Lo)
no
=
T

o
N
T
H——H
|

2.69 - -
2.68 -
mlg |
2.66 ! ! ! ! ! ! ! !
—0.001 0 0.001  0.002 0.003 0.004 0.005 0.006 0.007

(a/L)?

92p(Lo) =2.012 = g%p(2Lo) = 2.6723(64)



Where do we stand?

So far:

LOA%:B =0.0791(21),  g2p(Lo) =2.012 = gap(2Lo) = 2.6723(64)

@ A rough estimate indicates that 1/Lg ~ 4 GeV

o Need to reach scale 1/Ly,q4 around 200 MeV to make safe contact e.g. to
Fr =160 MeV

o Define Ly ,q implicitly through
o (Lhaa) = 11.31
Remaining steps:
@ Scale evolution of EéF(L) between 2L to Lyaq:

= Lnada/Lo

@ Determine Lp,q in 1/MeV e.g. from Ly,q Fi (“scale setting”)



Determination of Lyaq/ Lo

Note:

ratio Lypaq/Lo not an integer power of 2; how to proceed?

Determine the step-scaling function in the continuum limit

— 3 _ =2
o(w) = lim S(wae/L).  S(wa/L) =F&rCD|n (1) iz

Relation to the S-function:

Vo) dx g, L
= — el o " gL()
log 2 /\/ﬂ 3() 5 B(Gcr) oL

obtain non-perturbative -function from the step-scaling function
Find:

I 9ar (Lhaa)
“had _ 9 expd — Az U o1 86(42)
Lo B(x)

9gar(2Lo)



Obtaining the step-scaling function

22 | FitE R B
II Fit, 1/%
~~~~~~~~~~~~~ Continuum (fit ) +—e—
5 e S Continuum (fit 1/%) +—e—
EEE Tl Fer ata F—e— |
cisle e
O S
S 16 fmmo. =
A = S 3
-
—
.
| | | | \

0 0002 0.004 0.006 0.008 001 0012 0.014
(a/L)?

o

.016

@ sizable discretization effects — careful extrapolations are needed!

@ continuum results are nonetheless very precise!



Continuum extrapolated step-scaling function
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Extracting the S-function

o fit ansatz:

3
Bl9) = — 5Lz, Plg®) =po+p1g® +p2g" +....

o Determine fit coefficients pg, p1, ... from the data for step scaling function o (u)

Vo(u) Vo(u) R
log(2):—/ dz :/ da 222

B(x) x
Vu Vu
Mmax
:71’?0 [U;u) - %] +%10g [oTu)] + Z p;%[a'n(u)fu"} R
n=1

—0.055

—0.06 - 4
o —0.065 - E
=
= —o07 | 4
~
. Tdoop — - -
—0.075 | S o 2loop — =
~ Ng =n,=2 o=
~ ng=n,=3 =
_0.08 . . . . . . . ; .
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The B-functions, global picture

I =
1-loop —-—-
2-loop — — -

Schrédinger Functional s |

radient Flow

| | | | | | |
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Non-perturbative running of the SF and GF couplings in Ny = 3 QCD

| Schrédinger Functional s
Gracliient fé%w —
3-loop - — -
0.8 - 3-loop S@ -
4-loop (MS) -----
5-loop (MS) -weveeee
0.6 |
=
3
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Matching to hadronic physics

So far:

— L — 1
Al(\%f*:;) = %XLO/\(M*NSF?))XT = 1.729(57)/Lpag = require 1/Ly,q in physical units
0 had

The experimental input is
o my = 134.8(3) MeV, mi = 494.2(3) MeV [FLAG 2017]
o frx = 2fx + % fr = 147.6(5) MeV [PDG 2014]
Taking the scale from fx one needs
TS e
frkLhad  frxvio  Lnad

where tg is an intermediate scale defined with the gradient flow [Liischer '10]

t2(E(to,z)) = 0.3

One finds, (with t defined at the flavour SU(3) symmetric point) [Bruno, Korzec,

Schaefer 2016]
\/ 8ty = 0.413(5)(2) fm



Connecting SF to Large Volume (slide by T. Korzec, Lattice '17)

PDG *
N¢=3 t L N¢=3
AWe=3) _ Tk 0 x had o 2Lg x ALE=3)
MS e/t Lyad 2Lg Lo MS
—— ~
connection to CLS ~ GF running  change of schemes SF running

scale setting

o From large volume simulations

o t{ known in fm

o t3/a® known at B € {3.4,3.46,3.55,3.7,3.85} (massive theory)

o Corresponds to 3 € {3.3985, 3.4587, 3.549, 3.6992, 3.8494} (massless)
@ From gradient flow running

o Lpa/a for B € {3.3998, 3.5498, 3.6867, 3.8,3.9791} (massless)

Interpolate Lp.q/a to large-volume B's (or other way around)

o Continuum extrapolate: Lnaa/a
/t*/a2



Connecting Lp.q to infinite volume scale

7.2 T T T T

1 B |
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Everything Together (slide by T. Korzec, Lattice 2017)

Final Result
A= = 341(12) MeV
MS
Ai/l_z) = 215(10)(03) MeV pert. decoupling
apgs(Mz) = 0.1185(8)(3)
0.1174(16) PDG non-lattice

PDG non-lattice
FLAG (2016)
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Conclusions for ¢,

@ The determination of s is well-suited for the lattice approach; in contrast to
many other approaches, here the systematics can be controlled by combining
technical tools developed over the last 20 years:

o finite volume renormalization schemes and recursive step-scaling methods
o gradient flow couplings and scales.
e non-perturbative Symanzik improvement

o perturbation theory adapted to finite volume

o The final result ALYF=3)

O = 341(12)MeV does not rely on perturbation theory
below O(100) GeV!

@ => the error is still dominated by statistics!



Final remarks

Gradient flow, many applications:
@ Definition of intermediate scales ¢y and wq, which are easy to measure with
high precision
o Definition of renormalized couplings, both in infinite and finite volume
o Access to a wealth of renormalized quantities [Liischer & Weisz '12, Liischer '13]

e gauge invariant composite fields at finite flow time are renormalized!
e can be generalized to fermion fields; renormalization required but very simple.
= can use fields at finite flow times as external sources in on-shell renormalization
conditions

o Small flow time expansion, ¢ — 0 4+ PT may yield renormalized matrix elements
while bypassing complicated lattice renormalization problems! However, there is
a window problem:
a? <t < A2

o Practical problem: lattice artefacts can be large (e.g. SSF for GF coupling)
Some omissions:
@ operator renormalization problems including mixing

o strategies to bypass lattice specific renormalization problems (e.g. B in
tmQCD)

Thank you!



